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Abstract. We review basic notions and methods of noncommutative 
geometry and their applications to analysis and geometry on foliated 
manifolds. 
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1. Introduction 

The starting point of noncommutative geometry is the passage from geo- 
metric spaces to algebras of functions on these spaces with the subsequent 
translation of basic analytic and geometric concepts and constructions on 
geometric spaces to the algebraic language and their extension to general 
noncommutative algebras. Such a procedure is well-known and was applied 
for a long time, for instance, in algebraic geometry, where it is related with 
the study of commutative algebras. It is also well known that the theory 
of C*-algebras is a far-reaching generalization of the theory of topological 
spaces, and the theory of von Neumann algebras is a generalization of the 
classical measure and integration theory. 

The main purpose of noncommutative differential geometry, which was 
initiated by Connes [SHI and is actively developing at present time (cf. the 
recent surveys HB] and the books [El ED I119| in regard to different as- 
pects of noncommutative geometry), consists in the extension of the methods 
described above to the analytic objects on geometric spaces and to the non- 
commutative algebras. Here the main attention is focused on that, first, a 
correct noncommutative generalization applied in the classical setting, that 
is, to an algebra of functions on a compact manifold should agree with its 
classical analogue, and, second, it should inherit nice algebraic and analytic 
properties of its classical analogue. Nevertheless, it should be noted that, as 
a rule, such noncommutative generalizations are quite nontrivial and have 
richer structure and essentially new features than their commutative ana- 
logues. 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



3 



Noncommutative geometry lies on the border of functional analysis and 
differential geometry and is of great importance for these areas of mathemat- 
ics. On the one hand, the development of geometric methods in the operator 
theory and the theory of operator algebras allows to use fruitfully geomet- 
ric intuition for the investigation of various problems of abstract functional 
analysis. On the other hand, there are many examples of singular geomet- 
ric spaces, which are badly described from the point of view of classical 
measure theory and resist to the study by usual "commutative" methods of 
geometry, topology and analysis, but one can naturally associate to them a 
noncommutative algebra, which can be considered as an analogue of the al- 
gebra of (measurable, continuous, smooth and so on) functions on the given 
geometric object. Let us give some examples of such singular objects: 

(1) Manifolds with singularities, for instance, manifolds with isolated 
conic singular points. 

(2) Discrete spaces. 

(3) The dual space to a group (discrete or a Lie group). 

(4) Cantor sets. 

(5) The orbit space of a group action on a manifold. 

(6) The leaf space of a foliation. 

Use of the notions and methods of noncommutative geometry for a noncom- 
mutative algebra, being an analogue of an algebra of functions on a singular 
geometric space, allows in many cases, first of all, just to define some rea- 
sonable analytic and geometric objects associated with the given space and 
pose sensible problems, that, in its turn, gives possibility to apply properties 
of these objects for getting an information about geometry of this space. 

This paper contains a short exposition of the methods of noncommutative 
geometry as applied to the study of one of the fundamental examples of 
noncommutative geometry, namely, the leaf spaces of a foliation on a smooth 
manifold, or, that is the same, to the study of the transverse structure of 
foliations. Our purpose is to give a survey of the basic notions and methods 
of noncommutative geometry, to show how one can associate various objects 
of noncommutative geometry to foliations and how these noncommutative 
analogues of classical notions are related with classical objects on foliated 
manifolds, and to describe applications of the methods of noncommutative 
geometry to the study of geometry of foliations. 

The author is grateful to N.I. Zhukova for useful remarks. 

2. Background information on foliation theory 

2.1. Foliations. In this Section, we recall the definition of a foliated mani- 
fold and some notions related to foliations (concerning to different aspects of 
the foliation theory see, for instance, |28l 12311301 171 IT^IT^ITTmiT^ITTT| y 
Let M be a smooth manifold of dimension n. (Here and later on, "smooth" 
means "of class (7°°" . We will always assume that all our objects under con- 
sideration are of class C°°.) 



1 



YURI A. KORDYUKOV 



Definition 2.1. (1) An atlas A = {{U^fa)}, where <fo : C/j C M — > K n , of 
the manifold M is called an atlas of a foliation of dimension p and codimen- 
sion q (p < n,p + q = n), if, for any i and j such that C/j PI Uj / 0, the 
coordinate transformation 

^ = 0. o : ^(Ui n [/,-) C l p x 1' -» ^(C/j n Uj) CR P xR q 

has the form 

<f>ij{x,y) = (a ij {x,y),j ij (y)), {x,y) G <£,(£/; n I7j) CK p x R q . 

(2) Two atlases of a dimension p foliation are equivalent, if their union is 
again an atlas of a dimension p foliation. 

(3) A manifold M endowed with an equivalence class T of atlases of a 
dimension p foliation is called a manifolds with a dimension p foliation (or 
a foliated manifold). 

An equivalence class T of foliation atlases is also called a complete atlas 
of a foliation. We will also say that J 7 is a foliation on M. 

A pair (U, 4>) that belongs to the atlas of the foliation T and also the 
corresponding map 4> : U — > R n are called a foliated chart of the foliation 
T, and U is called a foliated coordinate neighborhood. 

Let <fi : U C M — > M n be a foliated chart. The connected components of 
the set _1 (IR p x {y}),y £ are called the plaques of the foliation T. 

Plaques of T given by all possible foliated charts form a base of a topology 
on M. This topology is called the leaf topology on M. We will also denote 
by T the set M endowed with the leaf topology. One can introduce the 
structure of a p-dimensional manifold on J 7 . 

Connected components of the manifold T are called leaves of the foliation 
T. Leaves are (one-to-one) immersed p-dimensional submanifolds in M. For 
any x G M, there is a unique leaf, passing through x. We will denote this 
leaf by L x . 

One can give the equivalent definition of a foliation, saying, that there is 
given a foliation T of dimension p on a manifold M of dimension n, if M 
is represented as a disjoint union of a family {L\ : A £ £} of connected, 
(one-to-one) immersed submanifolds of dimension p, and there is an atlas 
A = {(Ui,4>i)} of the manifold M such that, for any i and for any A G £, 
the connected components of the set La n U are given by equations of the 
form y = const. 

Example 2.2. Let M be a smooth manifold of dimension n, B a smooth 
manifold of dimension q and 7r : M — > -B a submersion (that is, the differ- 
ential d-n-a; : T-jM — > T n / X \B is surjective for any x G M). The connected 
components of the pre-images of points of B under the map 7r determine a 
codimension q foliation on M, which is called the foliation determined by the 
submersion n. If, in addition, the pre-images 7r _1 (6),6 G B, are connected, 
the foliation is called simple. 
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Example 2.3. Let X be a nonsingular (that is, a non-vanishing) smooth 
vector field on a compact manifold M . Then its phase curves form a codi- 
mension one foliation. 

More generally, suppose that a connected Lie group G acts smoothly on a 
smooth manifold M, and, moreover, the dimension of the isotropy subgroup 
G x = {x G G : gx = x] does not depend on x G M. In particular, one 
can assume that the action is locally free, that means G x is discrete for any 
x G M. Then the orbits of the Lie group G action define a foliation on M. 

Example 2.4. Linear foliation on torus. Consider a vector field X on R 2 
given by 

ox ay 

with constant a and (3. Since X is invariant under all translations, it de- 
termines a vector field X on the two-dimensional torus T 2 = R 2 /Z 2 . The 
vector field X determines a foliation T on T 2 . The leaves of J- are the 
images of the parallel lines L = {(xq + ta, yo + t(3) : t G R} with the slope 
6 = /3/a under the projection R 2 —* T 2 . 

In the case when is rational, all leaves of J- are closed and are circles, 
and the foliation T is determined by the fibers of a fibration T 2 —* 5 . In 
the case when is irrational, all leaves of T are everywhere dense in T 2 . 

Example 2.5. Homogeneous foliations. Let G be a Lie group and H C G 
its connected Lie subgroup. The family {gH : g G G} of right cosets of 
forms a foliation TC on G. If H is a closed subgroup, then G/H is a manifold 
and W is a foliation, whose leaves are given by the fibers of the fibration 
vr : G -> G/iZ". 

Moreover, suppose that T C G is a discrete subgroup G. Then the set 
M = r\G of left cosets of Y is a manifold of the same dimension as G. If V 
is cocompact in G, Af is compact. In any case, because 7i is invariant under 
the left translations, and V acts on the left, the foliation H is mapped by 
the map G — > M = T\G to a well-defined foliation on M, which is often 
denoted by TiG, H, T) and is called a locally homogeneous foliation. The 
leaf of Hy through a point Tg £ M is diffeomorphic to H/(gTg~ 1 n iZ). 

Example 2.6. T/ie i?ee& foliation. Let us describe a classical construction 
of a codimension 1 foliation on the three-dimensional sphere S 3 due to Reeb 
[152] . Let £> 2 denote the disk {(x,y) £ M 2 : x 2 + y 2 < 1}. We start with 
the foliation in the cylinder {(x,y,z) G R 3 : x 2 + y 2 < 1} = D 2 x R, 
whose leaves are the boundary of the cylinder x 2 + y 2 = 1 and surfaces 
z = c + exp(l/(l — x 2 — y 2 )) with an arbitrary constant c. Since this 
foliation is invariant under translations in z, it is mapped by the standard 
projection D 2 x R -> L> 2 x R/Z = D 2 x 5* 1 to a foliation .Fr on the solid 
torus D 2 x S 1 . Finally, observe that the standard three-dimensional sphere 
S 3 = {x = (x\, X2, xs, X4) G R 4 : x 2 + X2 + X3 + X 2 = 1} is obtained by gluing 
along the boundary of two copies of D 2 x S 1 . More precisely, S 3 = S 3 U S 3 , 
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where 

Sf = {x G S 3 : x\ + x\ < xl + xj}, Sf = {x G S 3 : x\ + x\ > x 2 3 + x^}. 
A diffeomorphism S^ D 2 x S" 1 is given by 

xeSf^t p f ^ ^ \ G ^ x ^ 

where we consider S 1 as {(x,y) £ M? : x 2 + y 2 = 1}, and its inverse has the 
form 

\|y| |y| |y| |y|/ 

where |y| 2 = y 2 + y| +2/3 + yl- Similar formulas can be written for Sf. Take 
the Reeb foliations Tr on S 3 and 5|. Since the boundaries dS\ and <9Sf are 
compact leaves, there is a well-defined foliation on the union of Sf and S 3 ,, 
that is, on the sphere S* 3 , which is called the Reeb foliation on S 3 . The only 
compact leaf of the Reeb foliation is the common boundary dS 3 = dS 3 , of 
S 3 and Sf, diffeomorphic to the two-dimensional torus T 2 . The other leaves 
are diffeomorphic to the plane M 2 . 

Example 2.7. Suspension. Let B be a connected manifold and B its uni- 
versal cover equipped with the action of the fundamental group V = ni(B) 
by deck transformations. Suppose that there is given a homomorphism 
4> : T — > Diff(F) of T to the group Diff(F) of diffcomorphisms of a smooth 
manifold F. Define a manifold M = B Xr F as the quotient of the manifold 
B x F by the action of V given, for any 7 G T, by 

7(6,/) = (76,^(7)/), (b,f)eBxF. 
There is a natural foliation T on M, whose leaves are the images of the sets 
B x {/}, f £ F, under the projection B x F — > M . If, for any 7 G T, 7 / e, 
the diffeomorphism ^(7) has no fixed points, all leaves of T are diffeomorphic 
to B. 

There is defined the bundle ir : M — > B : [(6, /)] ^ b mod T such that 
the leaves of T are transverse to the fibers of n. The bundle ir : M — > 5 is 
often said to be a flat foliated bundle. 

A foliation J 7 determines a subbundle -F = T^ 7 of the tangent bundle TM, 
called the tangent bundle to T . It consists of all vectors, tangent to the leaves 
of T. Denote by X(M) = C°°(M, TM) the Lie algebra of all smooth vector 
fields on M with the Lie bracket and by X{F) = C°°(M, F) the subspace of 
vector fields on M, tangent to the leaves of T at each point. The subspace 
X(F) is a subalgebra of the Lie algebra X{M). Moreover, by the Frobenius 
theorem, a subbundle E of TM is the tangent bundle to a foliation if and 
only if it is involutive, that is, the space of sections of this bundle is a Lie 
subalgebra of the Lie algebra X(M): for any X, Y G C°°(M,E) we have 
[X, Y] G C°° (M, E) . 

Let us introduce the following objects: 
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• r = TMjTT is the normal bundle to J-; 

• P T : TM — > r is the natural projection; 

• AT*jT = { v ^ T*M : {v,X) = for any X G F} is the conormal 
bundle to T . 

Usually, we will denote by (x, y) G I p x I q (I = (0, 1) is the open interval) 
the local coordinates in a foliated chart (f> : U I p x I q and by (x, y, £, 77) G 
J p x I q x R p x R 9 the local coordinates in the corresponding chart on T*M. 
Then the subset N*F n 7r _1 (Z7) = C/i (here tt : T*M -► M is the bundle 
map) is given by the equation £ = 0. Therefore, determines naturally a 
foliated chart <p n : U\ — > I p x I q x on iV*^ 7 with the coordinates (x, y, rj). 

Any g-dimensional distribution Q C TM such that TM = F © Q is called 
a distribution transverse to the foliation or a connection on the foliated 
manifold (M,^). Any Riemannian metric g on M determines a transverse 
distribution H, which is given by the orthogonal complement of F with 
respect to the given metric: H = F ± = {X G TM : g(A, 1") = for any Y € 



Definition 2.8. A vector field V on a foliated manifold (M, J 7 ) is called an 
infinitesimal transformation of J 7 if [V, X] £ A' (J 7 ) for any A G X(T\ 

The set of all infinitesimal transformations of JF is denoted by ^(M/J 7 ). 
If V € ^(M/J 7 ) and T t : M -»• M,t G R is the flow of the vector field 
V, then the diffeomorphisms Tt are automorphisms of the foliated manifold 
(M, T), that is, they take each leaf oi J 7 to, possibly, another leaf. 

Definition 2.9. A vector field V on a foliated manifold (M, J 7 ) is called 
projectable, if its normal component P T (V) is locally the lift of a vector 
field on the local base. 

In other words, a vector field V on M is projectable, if in any foliated 
chart with local coordinates (x, y), x G M p , y G M 9 , it has the form 



There is a natural action of the Lie algebra on C°°(M, r). The 

action of A G # (J 7 ) on A G C°°(M, r) is given by 



where N G #(M) is any vector field on M such that P T (N) = N. A 
vector field A G A'(M) is projectable if and only if its transverse component 
P T (N) G C°°(M,t) is invariant under the ^'(jF)-action 9. From here, one 
can easily see that a vector field on a foliated manifold is called projectable 
if and only if it is an infinitesimal transformation of the foliation. 

2.2. Holonomy. Let (M, T) be a foliated manifold. The holonomy map 
is a generalization to the case of foliations of the first return map (or the 
Poincare map) for flows. 




9{X)N = P T [X,N], 
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Definition 2.10. A smooth transversal is a compact (/-dimensional manifold 
T, possibly with boundary, and an embedding i : T — > M, whose image is 
everywhere transverse to the leaves of T: T^i{T) QT^J 7 = T^M for any 
t€T. 

We will identify a transversal T with the image i(T) C M. 

Definition 2.11. A transversal is complete, if it meets every leaf of the 
foliation. 

Take an arbitrary continuous leafwise path 7 with endpoints 7(0) = x 
and 7(1) = y. (We will call a path 7 : [0, 1] — > M leafwise, if its image 
7([0, 1]) is contained entirely in one leaf of the foliation). Let To and T\ are 
smooth transversals such that x G To and y G T\. 

Choose a partition to = < t\ < . . . < t& = 1 of the segment [0.1] such 
that for any i = 1, . . . , k the curve 7([tj_i, tj]) is contained in some foliated 
chart f7j. Shrinking, if necessary, the neighborhoods U\ and 11%, one can 
assume that, for any plaque P\ oiU\, there is a unique plaque P2 of U2, which 
meets P\. Shrinking, if necessary, the neighborhoods U\, U2 and C/3, one can 
assume that, for any plaque P2 of C/ 2 , there is a unique plaque P3 of C/3, which 
meets P2 and so on. After all, we get a family {Ui, U2, ■ ■ ■ , U^} of foliated 
coordinate neighborhoods, which covers the curve 7QO, 1]), such that, for 
any % = 1, . . . , k and for any plaque P{-\ of f7j_i, there is a unique plaque P, 
of Ui, which meets Pi—\. In particular, we get a one-to-one correspondence 
between the plaques of U\ and the plaques of Uk- 

The smooth transversal To determines a parametrization of the plaques of 
Ui near x. Accordingly, a smooth transversal T\ determines a parametriza- 
tion of the plaques of Uk near y. Taking into account one-to-one corre- 
spondence between the plaques of U\ and Uk constructed above, we get a 
diffeomorphism Ht T\(i) of some neighborhood of x in To to some neigh- 
borhood of y in Ti, which is called the holonomy map along the path 7. 

One can easily see that the germ of -ffr Ti (7) at x does not depend on the 
choice of a partition to = < tj. <...<£& = 1 of the segment [0.1] and of 
a family of foliated coordinate neighborhoods {U±, U2, ■ ■ ■ , Uk}- Moreover, 
the germ of ffy T 1 (7) at x is not changed, if we replace 7 by any other 
continuous leafwise path 71 with the initial point x and the final point y, 
which is homotopic to 7 in the class of continuous leafwise paths with the 
initial point x and the final point y. 

There is a slightly different definition of holonomy [HHJ - First, let us 
introduce some notions. 

Definition 2.12. A map / : V C M — ► M. q is called distinguished, if in a 
neighborhood of any point in V there exists a foliated chart (U, 0) such that 
the restriction of / to U has the form pr nq o 0, where pr nq : R n = W x M q — > 
is the natural projection. 
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Consider the set D of germs of distinguished maps at various points of 
M (or, briefly speaking, the set of distinguished germs). Let a : D — ► M be 
the map, which associates to a distinguished germ at x G M the point x. 

Let (U, (j)) be a foliated chart, P its plaque. Consider the subset P of D, 
which consists of all germs of the corresponding distinguished map pr nq o 
(f> : U — > M q in different points of P. Sets of the form P, determined by 
the plaques P of all possible foliated charts, form a base of a topology on 
D, which endows D with the structure of a p-dimensional manifold. This 
topology is called the leaf topology on D. It can be easily checked |88j that 
a is a covering map from the manifold D to the manifold T . 

Now consider a continuous leafwise path 7 with the initial point x and 
the final point y. Let it G cj _1 (x), and let 7 be the lift of 7 to D with the 
initial point tt via the covering map a. The holonomy map associated with 
7 is the map 

hy : a~ l {x) -> a' 1 (y), 

which takes tt G a~ 1 (x) to the final point of the path 7. 

The connection between the holonomy maps defined above is established 
as follows. Let To and T\ be smooth transversals such that x G To and 
y G T\. Let tt G a^ 1 (x), and let / : U C M — > be a distinguished map 
defined in a neighborhood of x. A choice of a distinguished map / defined in 
a neighborhood of x is equivalent to a choice of a local coordinate system foi 
on To defined in a neighborhood of x. The diffeomorphism -Ht Ti(7) allows 
to define a local coordinate system on T± defined in some neighborhood of 
y, that, in its turn, gives a distinguished map /1 : V C M — > defined in 
a neighborhood of y. The germ of the distinguished map /1 at y coincides 
with hy(ir) G cr~ 1 (y). 

If 7 is a closed leafwise path with the initial and final points x, and T is a 
smooth transversal such that x G T, then Htt(i) is a local diffeomorphism 
of T, which leaves x fixed. The correspondence 7 — > Htt{i) defines a group 
homomorphism 

ff T :7r 1 (L a: ,x)^Diff a: (T) 

from the fundamental group 717 (L x , x) of the leaf L x to the group Diff x (T) 
of germs at x of local diffeomorphisms of T, which leave x fixed. The image 
of the homomorphism Ht is called the holonomy group of the leaf L x at x. 
The holonomy group of a leaf L at a point x G L is independent modulo 
isomorphism of the choice of a transversal T and x. A leaf is said to have 
trivial holonomy, if its holonomy group is trivial. 

Example 2.13. Let A be a complete nonsingular vector field on a manifold 
M of dimension n, xq a (for simplicity, isolated) periodic point of the flow Xt 
of the given vector field and C the corresponding closed phase curve. Let T 
be an (n — l)-dimensional submanifold of M, passing through xq transverse 
to the vector X(xo): T X M = T X T © MA(xo). For all x G T, closed enough 
to xq, there is the least t(x) > such that the corresponding positive semi- 
trajectory of the flow {X t (x) : t > 0} meets T: X t ( x \{x) G T. Thus, we get 
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a local diffeomorphism (f>x ■ x i— > X t ^(x) of T, defined in a neighborhood 
of xo and taking xo to itself. This diffeomorphism is called the first return 
map (or the Poincare map) along the curve C. 

If T is the foliation on M given by the trajectories of X, then the holo- 
nomy group of the leaf C coincides with Z, and the germ of <pT at xo is a 
generator of this group. 

Example 2.14. For the Reeb foliation of the three-dimensional sphere S 3 
all noncompact leaves have trivial holonomy. The holonomy group of the 
compact leaf is isomorphic to I?. 

For any smooth transversal T and for any x G T, there is a natural 
isomorphism of the tangent space T X T with the normal space t x to T . Thus, 
the normal bundle r plays a role of the tangent bundle to the (germs of) 
transversals to T . For any continuous leafwise path 7 with the initial point 
x and the final point y and for any smooth transversals To and Tl such that 
x G To and y G Tl, the differential of the holonomy map Ht T\(i) at x 
defines a linear map dHT T\{l)x '■ t x — ► t^. It is easy to check that this map 
is independent of the choice of transversals To and Tl . It is called the linear 
holonomy map and is denoted by dh^ : t x — > r y . Taking the adjoint of dh^, 
one gets a linear map dh* : N*J- y — > N*J- X . 

Now we turn to another notion related with the holonomy, the notion of 
holonomy pseudogroup. First, recall the general definition of a pseudogroup. 

Definition 2.15. A family T, consisting of diffeomorphisms between open 
subsets of a manifold X (or, in other words, of local diffeomorphisms of X) 
is called a pseudogroup on X, if the following conditions hold: 

(1) if $ G T, then G T; 

(2) if $1 : U -> f/i and $ 2 : £^1 ^ ^2 belong to T, then $ 2 °^i : ^ -> ^2 
belongs to T; 

(3) if $ : ?7 — > Ui belongs to T, then its restriction to any open subset 
V CU belongs to T; 

(4) if a diffeomorphism <I> : U —> U\ coincides on some neighborhood of 
each point in U with an element of T, then $ £ T; 

(5) the identity diffeomorphism belongs to V. 

Example 2.16. The set of all local diffeomorphisms of a manifold X form a 
pseudogroup on X. One can also consider pseudogroups, consisting of local 
diffeomorphisms of a manifold X, which preserve a geometric structure, for 
instance, the pseudogroup of local isometries and so on. 

Definition 2.17. Let (M, F) be a smooth foliated manifold and X the dis- 
joint union of all smooth transversals to T. The holonomy pseudogroup 
of the foliation T is the pseudogroup T, which consists of all local diffeo- 
morphisms of X, whose germ at any point coincides with the germ of the 
holonomy map along a leafwise path. 

Definition 2.18. Let (M,J-) be a smooth foliated manifold and T be a 
smooth transversal. The holonomy pseudogroup induced by the foliation T 
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on T is the pseudogroup IV, which consists of all local diffeomorphisms of 
T, whose germ at any point coincides with the germ of the holonomy map 
along a leafwise path. 

There is a special class of smooth transversals given by good covers of the 
manifold M. 

Definition 2.19. A foliated chart <j) : U C M -> W x W is called regular, if 
it admits an extension to a foliated chart (j) : V ^ W xW 1 such that U C V. 

Definition 2.20. A cover of a manifold M by foliated neighborhoods {Uj| 
is called good, if: 

(1) Any chart (JJi,4>i) is a regular foliated chart; 

(2) If Ui n Uj / 0, then Ui n Uj ^ and the set £7, n Uj is connected. 
The same is true for the corresponding foliated neighborhoods Vj; 

(3) Each plaque of Vi meets at most one plaque of Vj. A plaque of Uj 
meets a plaque of Uj if and only if the intersection of the correspond- 
ing plaques of Vj and Vj is nonempty. 

Good covers always exist. 

Let U = {Ui} be a good cover for the foliation J 7 , fa : Ui ^ I p x I q . For 
any i, put 

Ti = <t>r\{0}xl«). 

Then Tj is a transversal, and T = UTj is a complete transversal. For y £ Ti 
denote by Pi(y) the plaque of Uj, passing through y. For any pair of indices 
i and j such that UiHUj / 0, define 

2<i = {y^;: ^4(y) n Uj + 0}. 

There is defined a transition function /j,- : Ty — > T^j given for y G by the 
formula fij(y) = yi, where y\ £ Tj{ corresponds to the unique plaque Pj{yi), 
for which -Pj(y) n Pj(yi) ^ 0- The holonomy pseudogroup Tt induced by T 
on T coincides with the pseudogroup generated by the maps fij. 

Definition 2.21 (cf., for instance, [US])- A transverse structure on a folia- 
tion T is a structure on a complete transversal T, invariant under the action 
of the holonomy pseudogroup IV. 

Using the notion of transverse structure, one can single out classes of 
foliations with specific transverse properties. For instance, if a complete 
transversal T is equipped with a Riemannian metric, and the holonomy 
pseudogroup Tt consists of all local isometries of this Riemannian metric, 
we get a class of Riemannian foliations (see Section I2.5|) . Similarly, if a 
complete transversal T is equipped with a symplectic structure, and the ho- 
lonomy pseudogroup Tt consists of all local diffeomorphisms, preserving this 
symplectic structure, we get a class of symplectic foliations (see Section l2~6|) . 
One can also consider Kaehler foliations, measurable foliations and so on. 
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2.3. Transverse measures. Before we turn to the discussion of an ana- 
logue of the notion of measure on the leaf space of a foliation, we recall 
some basic facts, concerning to densities and integration of densities (cf., for 
instance, pT| 186]). 

Definition 2.22. Let L be an n-dimensional linear space and B{L) the set 
of bases in L. An a-density on L (a £ R) is a function p : B(L) — > C such 
that, for any A = (Aij) £ GL(n, C) and e = (e±, e%,..., e n ) £ B(L), 

p{e-A) = |detA| Q p(e), 

where (e • A)i = YJj=\ e j A ji,i = 1, 2, . . . , n. 

We will denote by \L\ a the space of all a-densities on L. For any vector 
bundle V on M, denote by \V\ a the associated bundle of a-densities, \V\ = 
\V\ l . 

For any smooth, compactly supported density p on a smooth manifold 
M there is a well-defined integral J M p, independent of the fact if M is 
orientable or not. This fact allows to define a Hilbert space L 2 (M), canon- 
ically associated with M, which consists of square integrable half-densities 
on M. The diffeomorphism group of M acts on the space L 2 (M) by unitary 
transformations. 

Definition 2.23. A (Borel) transversal to a foliation T is a Borel subset of 
M, which intersects each leaf of the foliation in an at most countable set. 

Definition 2.24. A transverse measure A is a countably additive Radon 
measure, defined on the set of all transversals to the foliation. 

Definition 2.25. A transverse measure A is called holonomy invariant, if 
for any transversals B\ and B2 and any bijective Borel map : B\ — > B2 
such that, for any x E B\, the point <j>(x) belongs to the leaf through the 
point x, we have: A(B\) = A(B%). 

Example 2.26. Let us call by a transverse density any section of the bundle 
\t\. Since, for any smooth transversal T, there is a canonical isomorphism 
T X T = t x , a continuous positive density p £ C(M, |r|) determines a con- 
tinuous positive density on T, that determines a transverse measure. This 
transverse measure is holonomy invariant if and only if p is invariant under 
the linear holonomy action. 

Example 2.27. Any compact leaf L of the foliation T defines a holonomy 
invariant transverse measure A. For any transversal T and for any set A C T, 
its measure A(A) equals the number of elements in A n L. 

Let a £ C°°(M, IT.FI) be a smooth positive leafwise density on M. Start- 
ing from a transverse measure A and the density a, one can construct a 
Borel measure p on M in the following way. Take a good cover {Ui} of 
M by foliated coordinate neighborhoods with the corresponding coordinate 
maps (pi : Ui — > I p x I q and a partition of unity subordinate to this 
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cover. Consider the corresponding complete transversal T = Ui^i> where 
Tj = ^ 1 ({0} x I q ). In any foliated chart {U%,<j>i), the transverse measure 
A defines a measure Aj on T, and the smooth positive leafwise density a 
defines a family {a^y : y S T}, where {cti, y } is a smooth positive density 
on the plaque Pj (y) . Observe that A is holonomy invariant if and only if for 
any pair of indices i and j such that XJ% C\Uj ^ 0, we have: /ij(A») = Aj. 



One can show that this formula defines a measure p, on M, which is inde- 
pendent of the choice of a cover {Ui} and a partition of unity {ipi}. 

A measure p on M will be called holonomy invariant, if it is obtained 
by means of the above construction from a holonomy invariant transverse 
measure A with some choice of a smooth positive leafwise density a. 

If we take in the above construction instead of the leafwise density u ■ a 
the restrictions to the leaves of an arbitrary differential p-form u on M, we 
obtain a well-defined functional C on C™(M, f\ p T*M), called the Ruelle- 
Sullivan current |161| . corresponding to A: 



where 0Ji tV is the restriction of u to the plaque Pi(y),y G Tj. 

A transverse measure A is holonomy invariant, if and only if the corre- 
sponding Ruelle-Sullivan current C is closed: 

p-i 



Example 2.28. Suppose that a transverse measure A is given by a smooth 
positive transverse density p £ C°°(M, |r|). Take a positive leafwise density 
a G C°°(M, IT.FI). Then the corresponding measure fi on M is given by the 
smooth positive density a®p£ C°°(M, |TM|), which corresponds to a and 
p under the canonical isomorphism \TM\ = \TJ- \ <S> |t|, defined by the short 
exact sequence — ► TT — > TM — > r — > 0. 

Example 2.29. Suppose that a holonomy invariant transverse measure A 
is given by a compact leaf L of the foliation F", and a G C°°(M, IT.FI) is a 
smooth positive leafwise density on M. Then the corresponding measure \i 
on M is the (^-function along L: 





v 



(C, da) =0, a £ C C °°(M, /\ T*M). 




Example 2.30. Suppose that the foliation T is given by the orbits of a 
locally free action of a Lie group H on the compact manifold M and a 
smooth leafwise density a is given by a fixed Haar measure dh on H. Then 
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the corresponding measure [i on M is holonomy invariant if and only if it is 
invariant under the action of H. 

2.4. Connections. The infinitesimal expression of the holonomy on a foli- 
ated manifold is the canonical flat connection 

V: X(T) x C°°(M,t) -» C°°(M,r) 

in the normal bundle r, defined along the leaves of T (the Bott connection) 
It is given by 

(2.1) V X N = 9{X)N = P T [X,N], X G X{T\ NeC°°(M,T), 

where N G C°°(M,TM) is any vector field on M such that P T (N) = N. 
Thus, the restriction of r to any leaf of T is a flat vector bundle. The parallel 

o 

transport in r along any leafwise path 7 : x — > y defined by V coincides with 
the linear holonomy map dh^ : t x — > T y . 

Definition 2.31. A connection V : X{M) x C°°(M,r) -* C°°{M,t) in the 
normal bundle r is called adapted, if its restriction to X(J-) coincides with 

o 

the Bott connection V- 

One can construct an adapted connection, starting with an arbitrary Rie- 
mannian metric qm on M. Denote by V 9 the Levi-Civita connection, defined 
by Qm- An adapted connection V is given by 

V X N = P T [X,N], XeX(f), NeC°°(M,T) 
V X N = P T X7 X N, AgC°°(M,F ± ), N£C°°(M,t), 

where N G C°°{M,TM) is any vector field such that P T {N) = N. One can 
show that the adapted connection V described above has zero torsion. 

o o 

The Bott connection V on r determines a connection (V)* on r* = A^*^ 
by the formula 

(2.3) Mx"(N) = X[lo(N)} - lu(X7 x N), 

for any X G TM,u G C°°(M,t*),N G C°°(M,r). 

Definition 2.32. An adapted connection V in the normal bundle r is called 
holonomy invariant, if, for any X G X{T), Y G X(M) and iV G C°°(M, r), 
we have 

(6(X)V) Y N = 0, 

where, by definition, 

{6(X)V) Y N = 9(X)[V Y N] - V e{x)Y N - V Y [6 Y N]. 

A holonomy invariant adapted connection in r is called a basic (or pro- 
jectable) connection. 
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A fundamental property of basic connections is the fact that their curva- 
ture -Ry is a basic form, i.e. ixRv = 0,0(X)Ry = for any X £ X^). 
There are topological obstructions for the existence of basic connections for 
an arbitrary foliations found independently by Kamber and Tondeur and 
Molino (cf., for instance, |106| 1134] ). 

2.5. Riemannian foliations. 

Definition 2.33. A foliation (M, J-) is called Riemannian, if it has a trans- 
verse Riemannian structure. In other words, a foliation (M,J-) is called 
Riemannian, if there is a cover {Ui} of M by foliated coordinate charts, 
4>i : Ui —> I p x I q , and Riemannian metrics g®(y) = Yla/3 9ap(y)dy a dyP , 
defined on the local bases I q of T such that, for any coordinate transforma- 
tion 

4>ij{x,y) = (a ij (x,y),-f ij (y)), (x,y) £ ^(UiDUj), 
the map jij preserves the metric on I q , 7^(5^') = g®- 

The class of Riemannian foliations was introduced in the papers of Rein- 
hart |1541I155] . There are several equivalent characterizations of Riemannian 
foliations. Before we formulate the corresponding result (cf., for instance, 
(1531 Chapter IV]), we introduce some auxiliary notions. 

Definition 2.34. A distribution on a Riemannian manifold is called totally 
geodesic, if every geodesic, which is tangent to the given distribution at some 
point, is tangent to it along the whole its length. 

Definition 2.35. The second fundamental form of a distribution H on a 
Riemannian manifold (M,g) is the tensor S (which takes any vector X £ 
T X M at a point x £ M to a linear map Sx '■ T X M — * T X M) given by 

g(S M N, X) = \g{V a M N + V 9 N M, X), 

g(S M N, L) = 0, 
g(S M X,Y) = 0, 
g(S M X,N)=g(S M N,X), 
S x = 0, 

where X,Y £ X{T) and L,M,N £ C°°{M,F L ), denote the Levi-Civita 
connection determined by g. 

Definition 2.36. A map / : M — ► B of Riemannian manifolds M and B is 
called a Riemannian submersion, if the tangent map df m : T m M — > Tfr m )B 
at any point m £ M is surjective and induces an isometric map between the 
normal space T m M/T m f (f(rn)) to the level set f~ 1 (f(m)) of / at m and 
the tangent space Tfr m \B to B at f(m). 

Theorem 2.37. A foliation (M, T) is Riemannian if and only if there is 
a Riemannian metric g on M , satisfying any of the following equivalent 
conditions: 
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(1) The distribution H = F is totally geodesic. 

(2) The second fundamental form of H vanishes. 

(3) The induced metric g T on the normal bundle t is holonomy invariant: 

VxQr(M, N)=0 for any X G X(T) and for any M, N G C°°{M, t), 
where, by definition, 

Vxg T (M, N) = X[g T (M, N)] - g T (V X M, N) - g T (M, V X N). 

(4) For any vector fields M and N, which are defined on an open set, 
are orthogonal to the leaves and are infinitesimal transformations of 
the foliation, and for any X G X^), we have X[g(M, N)] = 0. 

(5) In any foliated chart <j> :U — > I p x I q with the local coordinates (x, y), 
the restriction gn of g to H is written in the form 

q 

a,/3=l 

where 8 a G H* is the 1-form, corresponding to the form dy a un- 
der the isomorphism H* ^+ T*M q , and g a p{y) depend only on the 
transverse variables y 

(6) (MjJ 7 ) locally has the structure of a Riemannian submersion, i. e., 
for any foliated chart <j> : U — > I p x I q , there exists a Riemannian 
metric on I q such that the corresponding distinguished map pr nq o (ft : 
U — > I q is a Riemannian submersion. 

(7) The adapted connection V on the normal bundle r given by h2.ty) 
is a (torsion-free) Riemannian connection: for any Y G X{M) and 
M,N£C°°(M,t) 

Y[g T (M,N)} = g T (X7 Y M,N) + g T (M,X7 Y N). 

(8) The holonomy group of the adapted connection V on the normal 
bundle r given by i2.%A) at any point preserves the metric. 

Definition 2.38. Any Riemannian metric on M, satisfying the equivalent 
conditions of Theorem 12.371 is called bundle-like. 

One can prove that a (torsion-free) Riemannian connection on the normal 
bundle r to a Riemannian foliation T is unique. It is uniquely determined by 
the transverse metric g T and is called the transverse Levi-Civita connection 
for J- . Thus, the transverse Levi-Civita connection is an adapted connection. 
Moreover, the transverse Levi-Civita connection turns out to be a holonomy 
invariant and, therefore, a basic connection. In particular, this shows the 
existence of a basic connection for any Riemannian foliation. 

The existence of a bundle- like metric on a foliated manifold imposes strong 
restrictions on the geometry of the foliation. There are structure theorems 
for Riemannian foliations obtained by Molino (cf. |136| [T35 ) . Using these 
structure theorems, many questions, concerning to Riemannian foliations, 
can be reduced to the case of Lie foliations, that is, of foliations, whose 
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transverse structure is modelled by a finite-dimensional Lie group (cf. Ex- 
ample 12.41(1 . 

Example 2.39. Any foliation denned by a submersion 7T : M — ► B is 
Riemannian. 

Example 2.40. The orbits of a locally free isometric action of a Lie group 
on a Riemannian manifold define a Riemannian foliation. On the other 
hand, flows, whose orbits form a Riemannian foliation, are called Riemann- 
ian flows. There are examples of Riemannian flows, which are not isometric. 
Concerning to Riemannian flows, see, for instance, |32j . and also [1371 Ap- 
pendix A]. 

Example 2.41. Let M be a smooth manifold, q a real finite-dimensional 
Lie algebra and u an 1-form on M with values in g, satisfying the conditions: 

(1) the map oj x : T X M — » q is surjective for any x G M; 

(2) du + \[u,u>] = 0. 

The distribution F x = kercja; is integrable and, therefore, defines a codimen- 
sion q = dimg foliation on M. Such a foliation is called a Lie 0-foliation. 
The class of Lie foliations was introduced in |69| . Any Lie foliation is Rie- 
mannian. 

In the case = R, a Lie foliation is precisely a codimension one foliation 
given by a non-vanishing closed 1-form. Actually, it can be easily seen that 
a codimension one foliation is Riemannian if and only if it is given by a 
non- vanishing closed 1-form. 

Example 2.42. A foliation J 7 on a manifold M = B Xr F, obtained by the 
suspension from a manifold B and a homomorphism eft : T — > Diff(i ? ) of the 
fundamental group T = tt\{B) is Riemannian if and only if for any 7 6 T 
the diffeomorphism ^(7) preserves a Riemannian metric on F. 

Let T be a transversely oriented Riemannian foliation and g a bundle- 
like Riemannian metric. The induced metric on the normal bundle r yields 
the transverse volume form v T G C°°(M, A q r*) = C°°(M, A g N*J : ), which is 
holonomy invariant and defines, therefore, a holonomy invariant transverse 
measure on T. 

2.6. Symplectic foliations. 

Definition 2.43. A foliation (M , J-) is called symplectic, if it has a trans- 
verse symplectic structure. In other words, a foliation (M, J 7 ) is called 
symplectic, if there is a cover {[/»} of M by foliated coordinate charts, 
4>i : Ui — > I p x I q , and symplectic forms cjj, defined on the local bases 
I q of T such that, for any coordinate transformation 

4>ij(x,y) = (a ij (x,y),-f ij (y)), (x,y) G <j)j(Ui HUj), 

the map 7^ preserves the symplectic form, = 
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Definition 2.44. A presymplectic manifold is a manifold equipped with a 
closed 2-form of constant rank. 

A transverse symplectic structure on (M, F) uniquely determines a presym- 
plectic structure wonlf such that TF coincides with the kernel of uj. On 
the other hand, if (M,uj) is a presymplectic manifold, then the kernel of 
uj determines an integrable distribution on M and uj induces a transverse 
symplectic structure on the corresponding foliation (M, F) (cf. for instance, 
|16l I2L)| . in ^H] symplectic foliations are called Hamiltonian). 

If (M,F) is a symplectic foliation and uj is the corresponding presym- 
plectic structure on M , then the g-form f\ q co defines the holonomy invariant 
transverse density | A q uj\ E | A q t*\, and, therefore, a holonomy invariant 
transverse measure, which can be naturally called the transverse Liouville 
measure. 

Example 2.45. A foliation F on a manifold M = B xp F, obtained by the 
suspension from a manifold B and a homomorphism <j) : V — > T)iS(F) of the 
fundamental group T = ni{B) is symplectic if and only if for any 7 E V the 
diffeomorphism (^(7) preserves a symplectic structure on F. 

Example 2.46. Recall (cf., for instance, |120j ) that a submanifold £ of a 
symplectic manifold X is called coisotropic, if, for any a E E, the skew- 
orthogonal complement (To-E)- 1 - of T CT S is contained in T CT S. If £ is a 
coisotropic submanifold, then the distribution (T^E) -1 - is integrable, and 
the corresponding foliation F-e is called the characteristic foliation of the 
coisotropic submanifold S. It is well-known that there is a canonical sym- 
plectic structure on / (T^T,) 1 - , therefore, the foliation Ft, is symplectic. 
Moreover, if Fs is simple, then the set T C T*M x T*M, which consists of 
all [y, u') E T*M x T*M such that v and 1/ lie on the same leaf of Fs is a 
canonical relation. 

As shown in |2Uj (see also jHOl)) an y presymplectic manifold can be ob- 
tained, using this construction, that IS j ctS cl coisotropic submanifold of a 
symplectic manifold. 

A particular example of the construction described above is the following 
one. For a foliated manifold (M, F), consider T*M as a symplectic manifold 
with the standard symplectic structure. Then iV* F is a coisotropic subman- 
ifold in T*M. The corresponding characteristic foliation Fn is the natural 
lift of F to the conormal bundle and is called a horizontal (or linearized) 
foliation. Thus, the linearized foliation Fn is symplectic. The coordinate 
chart (p n : N*F -tPx/'xl' determined by a foliated coordinate chart (f> 
on M (cf. Section 12.11) is a foliated chart for Fn with plaques given by the 
level sets y = const, r] = const. Informally speaking, the leaf space N*F/Fn 
of Fn can be considered as the cotangent bundle to the leaf space M/F of 
F. 

2.7. Differential operators. Let (M,F) be a compact foliated manifold 
and E a smooth vector bundle on M (unless otherwise is stated, we will 
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assume that vector bundles under consideration are smooth and complex). 
We start with some general definitions, concerning to differential operators 
on M. 

Definition 2.47. A linear differential operator A of order //, acting in 
C°°(M,E), is called a tangential differential operator, if, in any foliated 
chart (p '■ U C M — > P x I q and any trivialization of E over it, A is of the 
form 

(2.4) A = «a(*, y)D a x , (x, y) G P x I\ 

where a a are matrix- valued function on P x I q , D x = 

Definition 2.48. For a tangential differential operator A given by (|2.4j) in 

some foliated chart (j) : U C M — > P x I q and a trivialization of E over it, 
define its tangential (complete) symbol 

[«|<A< 

and its tangential principal symbol 

\a\=n 

The tangential principal symbol is invariantly defined as a section of the 
bundle C{ir* F E) on T*T (where irp : T*T — ► M is the natural projection). 

Definition 2.49. A tangential differential operator A is called tangentially 
elliptic, if its tangential principal symbol is invertible for £ 7^ 0. 

Let D m (M, E) denote the set of all differential operators of order m and 
D^{J-,E) denote the set of all tangential differential operators of order /i, 
acting in C°°(M,E). 

Introduce classes D m '^(M, J 7 , E), which are linearly generated by arbi- 
trary compositions of tangential differential operators of order \i and dif- 
ferential operators of order m on M. In other words, an operator A G 
D m ' p (M,F,E) is of the form A = ^2 a B a C a , where B a G D m (M, E), 
C a G D»(F,E). If Ai G D mi >^(M,F,E), A 2 G D m2 <^(M,F,E), then 
A x o A 2 G D mi+m ^ pi+P2 (M, T,E) and, if A G D m ^(M,T,E), then A* G 
D m '^(M,J r ,E). The classes D m ^(M,T,E) can be extended to classes 
<J/ m >^(M, .T 7 , £"), which contain, for instance, parametrices for elliptic op- 
erators of class D m ^(M, J 7 , E) (cf. [TT3] l 

We will use the standard classes of pseudodifferential operators ^ k (M, E) 
(for the theory of pseudodifferential operators see, for instance, |1U11 11751 
11791 1167] ). Recall that a pseudodifferential operator on M is a linear oper- 
ator P : C°°(M) — ► D'(M), which can be represented in a coordinate patch 
X C 1" as 

Fb(z) = / e {x - y) tp(x, u(y) dy d£, x G X, 
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where u G C™(X), p(x,£) G S m {X x R n ) is the complete symbol of P. 
Usually, we will assume that the complete symbol p can be represented as 
an asymptotic sum p ~ p m +p m _i + . . ., where pk is homogeneous of degree 
k in £ for |£| > 1. The principal symbol p m of P is well-defined as a section 
of the bundle C(ix*E) on f*M = T*M \ {0}, where vr : T*M -> M is the 
natural projection. 

Definition 2.50. The transversal principal symbol ap of an operator P £ 
\I> m (M, F) is the restriction of its principal symbol p m to iV*.? 7 = A^*^"\{0}. 

Definition 2.51. A operator P G fy m (M,E) is called transversally elliptic, 
if its transversal principal symbol crp(v) is invertible for any v G N*J- '. 

Now suppose that a closed foliated manifold (M, J 7 ) is equipped with a 
Riemannian metric gu- Let -ff be the orthogonal complement of F = TJ-. 
Thus, there is a decomposition of TM into the direct sum TM = F © H 
and the corresponding bigrading of the exterior power bundle A*T*M: 

A k T*M = © i+i=fc A ij T*M, A l ' j T*M = A'H* © A j F*. 

There is (cf., for instance, [151 Proposition 10.1]. [T77] 1 the corresponding 
decomposition of the de Rham differential d into the sum of bigraded com- 
ponents of the form 

(2.5) d = d F + d H + 0. 
Here 

(1) dp = do,i : C°°{M,A^T*M) -> C°°(M, A^ +1 T*M) is the tangen- 
tial de Rham differential, which is a first order tangentially elliptic 
operator, independent of the choice of g; 

(2) d H = di, : C°°(M,A^T*M) -> C°°(M, A i+1 ^T*M) is the transver- 
sal de Rham differential, which is a first order transversally elliptic 
operator; 

(3) 9 = d 2 -i : C°°(M,A^T*M) -> C°°(M, A i+2j ' _1 r*M) is a zero 
order differential operator, which is the contraction operator by the 
2-form 6 on M with values in F, 6 G C°°(M, F (8) A 2 r*), given by 

^(x,y)= PF ([x,y]), i,7er(M,ii), 

where Pp : TM — > i 7 is the natural projection. In particular, # 
vanishes if and only if H is integrable. 
There is a similar decomposition for the adjoint: 

(2.6) 6 = 8 F + S H + 9*, 

where 5f, 5h and 6* are the adjoints of dp, dp; and 9 in the Hilbert space 
L 2 (M, AT*M) accordingly. 

The Laplace operator A g = d5 + 5d of the metric gu can be written in 
the form 

(2.7) A g = A F + A H + A_ li2 + K X + K 2 + K^, 
where 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



21 



• A F = d F 5 F +5 F d F G D°' 2 (M,T,AT*M) is the tangential Laplacian. 

• A H = d H 5 H + 8 H d,H G D 2 '°(M, J 7 , AT*M) is the transversal Lapla- 
cian. 

• A_i,2 = 90* + 9*9 G D°'°(M, T, AT*M). 

• Ki= d F 5 H + S H d F + 5 F d}j + d H 5 F G D 1 >°(M, :F, AT*M). 

• AT 2 = + #*d F + + G D°'°(Af, ^, AT*M). 

• K 3 = d^tf* + 0*d H + 5 H 9 + G D 1 '°(M, F, AT*M). 

We also introduce the first order differential operator Dh = dn + d* H in 
C°°(M, f\ H*), which is called the transverse signature operator. 

A basic property of geometric operators on manifolds equipped with Rie- 
mannian foliation is that, if T is a Riemannian foliation and gu is a bundle- 
like metric, then the operators d F 8n + 5nd F and 5 F dn + djjS F belong to 
D°' 1 (M, J 7 , AT*M). In particular, K x G D°' 1 (M, J 7 , AT* M) . 

3. Operator algebras of foliations 

In this Section, we will describe the noncommutative algebras associated 
with the leaf space of a foliation. First, we will define an algebra, consisting 
of very nice functions, on which all basic operators of analysis are defined, 
then, depending on a problem in question, we will complete this algebra 
and obtain an analogue of the algebra of measurable, continuous or smooth 
functions. The role of a "nice" algebra is played by the algebra C^°(G) of 
smooth compactly supported functions on the holonomy groupoid G of the 
foliation. Therefore, we start with the notion of holonomy groupoid of a 
foliation. 

3.1. Holonomy groupoid. A foliation T defines an equivalence relation 
KcMxMon M: (x, y) G 1Z if and only if x and y lie on the same leaf of the 
foliation T. Generally, 1Z is not a smooth manifold, but one can resolve its 
singularity, constructing a smooth manifold G, called the holonomy groupoid 
or the graph of the foliation, which "almost everywhere" coincides with 1Z 
and which can be used in many cases as a substitution for 1Z. The idea of the 
holonomy groupoid appeared in the papers of Ehresmann, Reeb and Thorn 
(cf. |671 1176j ) and was completely realized by Winkelnkemper [184] . First of 
all, we give the general definition of a groupoid (see [1561 11371 11261 1146] 
for groupoids and related subjects). 

Definition 3.1. We say that a set G has the structure of a groupoid with 
the set of units G^ , if there are defined maps 

• A : — ► G (the diagonal map or the unit map); 

• an involution i : G — > G called the inversion and written as 1(7) = 

T 1 ; 

• a range map r : G -» G (0) and a source map s 

• an associative multiplication m : (7,7') — * 77' defined on the set 

G (2) ={(7,7')eGxG:r(7') = S ( 7 )}, 



22 



YURI A. KORDYUKOV 



satisfying the conditions 

• r(A(x)) = s(A(x)) = x and 7A(s(7)) = 7, A(r(7))7 = 7; 

• r(7~ 1 ) = 5(7) and 77 _1 = A(r(7)). 

Alternatively, one can define a groupoid as a small category, where each 
morphism is an isomorphism. 

It is convenient to think of an element 7 G G as an arrow 7 : x — > y, going 
from x = 5(7) to y = r(j). 

We will use the standard notation (for x,y G G^): 

• G x = {7 G G : r(7) = x} = r _1 (x), 

• = {7GG: S ( 7 )=x} = S - 1 (x), 

• = {7 e G : s(7) = x,r(i) = yj. 

Definition 3.2. A groupoid G is called smooth (or a Lie groupoid), if G^°\ 
G and are smooth manifolds, r, s, i and m are smooth maps, r and s 
are submersions, and A is an immersion. 

Example 3.3. Lie groups. A Lie group H defines a smooth groupoid as 
follows: G = H, G(°) consists of a single point, the maps i and m are given 
by the group operations in H. 

Example 3.4. Trivial groupoid. Let X be an arbitrary set. Put G = X, 
G(°) = X, the maps s and r are the identity maps (that is, in other words, 
each element x G G^ = X is identified with an unique element 7 : x — > x). 

Example 3.5. Equivalence relations. Any equivalence relation i? C X x X 
defines a groupoid, if we put G^ ) = X, G = R, the maps s : — > X and r : 
— > X are given by s(x, y) = y, r(x, y) = x. Thus, pairs (x±, y\) and (X2, 2/2) 
can be multiplied if and only if y\ = X2, and in this case (x\, yi)(x2, 2/2) = 
(^1,2/2)- 

In the particular case of R = X x X, we get a so called principal or pair 
groupoid. 

Example 3.6. Group actions. Let a Lie group iif act smoothly from the 
left on a smooth manifold X. The crossed product groupoid X x H is 
defined as follows: G^ = X, G = X x H. The maps s : X x -> X and 
r : X x if — > X have the form s(x,h) = h~ 1 x, r(x,h) = x. Thus, pairs 
(xi, hi) and (x2, 112) can be multiplied if and only if X2 = fc[ x\, and in this 
case (xi, hi)(x 2 , h 2 ) = (xi,hih 2 ). 

Example 3.7. Fundamental groupoid (cf. for instance, T6Qj). Let X be 
a topological space, G = II(X) the set of homotopy classes of paths in X 
with all possible endpoints. More precisely, if 7 : [0, 1] — > X is a path from 
x = 7(0) to y = 7(1), then we denote by [7] the homotopy class of 7 with 
fixed x and y. Define the groupoid n(X) as the set of triples (x, [7], 2/), 
where x, y G X, 7 is a path with the initial point x = 7(0) and the final 
point y = 7(1), where the multiplication is given by the product of paths. 
The groupoid II(X) is called the fundamental groupoid of X. 
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Example 3.8. The Haefliger groupoid T n [23 EH1 EU • Let M be a smooth 
manifold. A groupoid Tm consists of the germs of local diffeomorphisms 
of M at arbitrary points of M. (J?m) = M. If 7 G Tm is the germ at 
x G M of a diffeomorphism / from some neighborhood U of x on an open 
set f(U), then 5(7) = x, r(p() = f{x). The multiplication in is given by 
the composition of maps. If M = M n , then the groupoid Tm is denoted by 

r n . 

The holonomy groupoid G = G(M, T) of a foliated manifold (M, J 7 ) is 
defined in the following way. Let ~^ be an equivalence relation on the set of 
continuous leafwise paths 7 : [0, 1] — > M, setting 71 ~^ 72, if 71 and 72 have 
the same initial and final points and the same holonomy maps: 
The holonomy groupoid G is the set of ^-equivalence classes of leafwise 
paths. The set of units G^ is a manifold M. The multiplication in G is 
given by the product of paths. The corresponding range and source maps 
s,r : G — > M are given by 5(7) = 7(0) and r(^y) = 7(1). Finally, the 
diagonal map A : M — > G takes any x G M to the element in G given 
by the constant path 7(4) = x, t G [0,1]. To simplify the notation, we will 
identify x £ M with A(x) G G. 

For any x £ M the map s maps G x on the leaf L x through x. The group 
G\£ coincides with the holonomy group of L x . The map s : G x — ► L x is the 
covering map associated with the group G^, called the holonomy covering. 

One can also introduce the holonomy groupoid G(L) of a leaf L of T as 
the set of ^-equivalence classes of piecewise smooth paths in L. 

The holonomy groupoid G has the structure of a smooth (in general, non- 
Hausdorff and non-par acompact) manifold of dimension 2p + q. Recall the 
construction of an atlas on G [HI] • 

Let <j) : U -> P x I*,<f>' : U' -> I p x I* be two foliated charts, vr = 
P^ng : C/ — > M 9 , 7r' = pr ng o 0' : J7' — > W the corresponding distinguished 
maps. The foliated charts 0, 0' are called compatible, if, for any m EU and 
m! G t/ 7 with 7r(m) = 7r'(m'), there is a leafwise path 7 from m to m' such 
that the corresponding holonomy map hy takes the germ 7r m of 7r at m to 
the germ 71^, of ir' at m'. 

For any pair of compatible foliated charts (f> and </>' denote by W((f), <p') 
the subset in G, consisting of all 7 G G from 5(7) = m = _1 (x,y) G U to 
r(7) = m' = 4>' 1 (x', y) G £/' such that the corresponding holonomy map h~ 
takes the germ 7r TO of the map 7r = pr n(? o <fi at m to the germ 7r^, of the map 
7r' = pr ng o 0' at m'. There is a coordinate map 

(3.1) r : W(<f>,</>') -» / p x /p x J«, 

which takes each element 7 G W((j),<j>') such that 5(7) = m = x~ 1 (x,y), 
r(7) =m! = /_1 (x', y) and /i 7 7r m = 7r^, to the triple (2, 2', y) £ I p x I p x I q . 

As shown in the coordinate neighborhoods W((f), (f)') form an at- 

las of a (2p + g)-dimensional manifold (in general, non-Hausdorff and non- 
paracompact) on G. Moreover, the groupoid G is a smooth groupoid. 
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Non-Hausdorffness of the holonomy groupoid is related with the phenom- 
enon of one-sided holonomy. The simplest example of a foliation with the 
non-Hausdorff holonomy groupoid is given by the trajectories of a nonsin- 
gular vector field on the plane, having a one-sided limit cycle. As shown 
in |184j . the holonomy groupoid is Hausdorff if and only if the holonomy 
maps Ht q Ti(ii) and iJr Ti(72) along any leafwise paths 71 and 72 with the 
initial point x and the final point y, given by smooth transversals To and 
Ti, passing through x and y accordingly, coincide, if they coincide on some 
open subset U C Tq such that x G U. In particular, the holonomy groupoid 
is Hausdorff, if the holonomy is trivial, or real analytic. Moreover, the holo- 
nomy groupoid of a Riemannian foliation is Hausdorff. In the following, we 
will always assume that G is a Hausdorff manifold. 

Example 3.9. If a simple foliation T is defined by a submersion tt : M — > B, 
then its holonomy groupoid G consists of all (x, y) G M x M such that 
7r(x) = ir(y), and, moreover, G^ = M, the maps s : G — > M and r : G —> M 
are given by s(x, y) = y, r(x, y) = x. 

Example 3.10. If a foliation T is given by the orbits of a free smooth action 
of a connected Lie group H on a manifold M , then its holonomy groupoid 
coincides with the crossed product groupoid M X H. 

Besides the holonomy groupoid, there are another groupoids, which can 
be associated with the foliation. First of all, it is the groupoid given by 
the equivalence relation on M, setting points x and y to be equivalent, if 
they lie on the same leaf of the foliation (the coarse groupoid). As noted 
above, this groupoid is not smooth. One can also consider the fundamental 
groupoid of the foliation H(M, J-), which also consists of equivalence classes 
of leafwise paths, where two leafwise paths are called equivalent, if they 
are homotopic in the class of leafwise paths with fixed endpoints. The 
fundamental groupoid of the foliation n(M, T) is a smooth groupoid (cf., 
for instance, |149j ). 

There is a foliation Q of dimension 2p on the holonomy groupoid G. In 
any coordinate chart W((j), <f>') given by a pair of compatible foliated charts 
<f> and (j)', the leaves of Q are given by equations of the form y = const. The 
leaf of Q through 7 G G consists of all 7' G G such that ri^y) and ^(7') lie on 
the same leaf of T and coincides with the holonomy groupoid of this leaf. 
The holonomy group of a leaf of Q coincides with the holonomy group of 
the corresponding leaf of T ' ■ (The last statement corrects an erroneous one 
made in L 184 . This fact was noted, for instance, by Molino in his review of 
[T%4] in Mathematical Reviews (see MR 85j:57043).) 

The differential of the map (r, s) : G — > M x M maps isomorphically the 
tangent bundle TQ to Q to the bundle FM F on M x M, therefore, there is 
a canonical isomorphism TQ = r*F © s*F. 

A distribution H on M transverse to T determines a distribution HG 
on G transverse to Q. For any X G H y , there is a unique vector X G T 7 G 
such that ds(X) = dh~ l {X) and dr{X) = X, where dh^ : H x — » H y is 
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the linear holonomy map associated with 7. The space H^G consists of all 
vectors of the form X € T 7 G for different X E H y . In any coordinate chart 
W(4>, (j)') on G, the tangent space T^Q to Q at some 7 with the coordinates 
(x,x',y) consists of vectors of the form XJ^ + X'-^j and the distribution 
tf 7 G consists of vectors X-^ + + such that X + Y-^ e iT (a . :J/) 

"'•'1 • e //:,,.,.. 

Let gM be a Riemannian metric on M and = F^. Then a Riemannian 
metric go on G is defined as follows. All the components in T 7 G = F y © 
i 7 ^ © if 7 G are mutually orthogonal, and, by definition, gc coincides with gM 
on F y © H^G = F y (B H y = T y M and with g F on 

If T is Riemannian and gyi is a bundle-like Riemannian metric, then 
is bundle-like, and, therefore, is Riemannian. Moreover, in this case the 
maps s : G — > M and r : G — > M are Riemannian submersions and locally 
trivial fibrations. In particular, the holonomy coverings G x of leaves of T 
are diffeomorphic |184j . 

3.2. The C*-algebra of a foliation and noncommutative topology. 

In this Section, we will describe the construction of the C*-algebra associated 
with an arbitrary foliation, which is an analogue of the algebra of continuous 
functions on the leaf space of the foliation. 

Definition 3.11. (cf., for instance, jHl EH Q33 HZ3) A C*-algebra is an 
involutive Banach algebra A such that 

[|o*o[| = ||a|| 2 , a £ A. 

Example 3.12. The simplest example of a C*-algebra is given by the alge- 
bra Cq{X) of continuous functions on a locally compact Hausdorff topolog- 
ical space X, vanishing at the infinity, which is endowed with operations of 
the pointwise addition and the multiplication, with the standard involution 
and with the uniform norm 

||/|| = sup \f(x)\, feC (X). 

The Gelfand-Naimark theorem allows to reconstruct uniquely from a com- 
mutative C*-algebra A the locally compact Hausdorff topological space X 
such that A = Cq{X). More precisely, X coincides with the set A of all 
characters of the algebra A, i. e., of all continuous homomorphisms A — > C, 
endowed with the topology of pointwise convergence. 

The previous example permits to consider an arbitrary C*-algebra as the 
algebra of continuous functions on some virtual space. By this reason, the 
theory of C*-algebras is often called as noncommutative topology. 

Example 3.13. The algebra C(H) of bounded operators in a Hilbert space 
H equipped with the involution given by taking the adjoints and with the 
operator norm is a C*-algebra. 
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By the second Gelfand-Naimark theorem, any C*-algebra is isometrically 
*-isomorphic to some norm closed *-subalgebra of the algebra C{H) for some 
Hilbert space H. 

There are two ways to define the C*-algebras associated with a foliation. 
The first way makes use of the auxiliary choices of a smooth Haar system, 
the second one requires no auxiliary choices and uses the language of half- 
densities. 

3.2.1. Definitions, using a Haar system. In this Section we give the defini- 
tion of the C*-algebras associated with an arbitrary smooth groupoid G. In 
fact, the assumption of smoothness of a groupoid is not essential here, and 
all the definitions can be generalized to the case of topological groupoids 
(cf., for instance, |15(j| ^) . 

We will only consider Hausdorff groupoids. For the definition of the 
C*-algebra of a foliation in the case when the holonomy groupoid is non- 
Hausdorff, cf. [37| (and also [SZl EH ED] ) 

Definition 3.14. A smooth Haar system on a smooth groupoid G is a family 
of positive Radon measures \v x : x £ G^} on G, satisfying the following 
conditions: 

(1) The support of the measure v x coincides with G x , and v x is a smooth 
measure on G x . 

(2) The family \v x : x £ G^} is left-invariant, that is, for any continu- 
ous function / £ C{G X ), f > 0, and for any 7 £ G, 5(7) = x, r(-y) = 
y, we have 

/ /( 7 i)^(7i)= / /(77i)^(7i)- 
Jay jg x 

(3) The family {v x : x £ G^} is smooth, that is, for any <f> £ C£°(G) 
the function 

xeG (0) ^ f 0(7)^(7) 
Jg x 

is a smooth function on G^°\ 

For a compact foliated manifold (M, T) , there is a distinguished class of 
smooth Haar systems \v x : x £ G^} on the holonomy groupoid G of T 
given by smooth positive leafwise densities a £ C°°(M, (T^l). The positive 
Radon measure v x on G x , x £ M, is given as the lift of the density a via 
the holonomy covering s : G x — > M. In the following, we will assume that a 
Haar system on G constructed in such a way is fixed. 

Let G be a smooth groupoid, G^ = M and {y x : x £ M} a smooth Haar 
system. Introduce the structure of an involutive algebra on C£°(G) by 

h * £2(7) = / fci (7i)fc 2 (Ti^t) ^(71), 7 G G x , 

r( 7 ) = % rT ), 7gg. 
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For any x G M, there is a natural representation of C^°(G) in the Hilbert 
space L 2 (G x ,u x ) given, for fc G C C °°(G) and ( G L 2 (G x ,v x ), by 

R x (k)C(l)= [ fc( 7 - 1 7i)C(7l)^ :r (7l), r( 7 )=x. 

The completion of the involutive algebra C£°(G) in the norm 

||fe|| = sup ||i?a;(A;)|| 

is called the reduced C*-algebra of the groupoid G and denoted by C*{G). 
There is also defined the full C*-algebra of the groupoid C*(G), which is the 
completion of C^°(G) in the norm 

||fc||max = SU P IKWII) 

where supremum is taken over the set of all ^representations ir of the algebra 
C£°(G) in Hilbert spaces. 

Any k G C^°(G) defines a bounded operator R(k) in C£°(M). For any 
u G C C °°(M), we have 

R(k)u(x)= [ k(j)u(s(j))dis x (-f), xGM. 
Jg x 

The correspondence k i— > R(k) defines a representation of the algebra C£°(G) 
in C C °°(M). 

Example 3.15. Lie groups. If a groupoid G is given by a Lie group H, then 
a smooth Haar system on G is given by a left-invariant Haar measure dh 
on if, and the multiplication in C£°(G) is the convolution operation defined 
for any u, v G C^°(H) by 

(u*v)(g)= I u{h)v(h~ 1 g)dh, g £ H, 
Jh 

the involution is given by 

u*(g)=^(g~^, u€C?(H), 

and the operator algebras C*(G) and C*(G) are the group C*-algebras 
C r *(tf) and C*{H) (cf., for instance, [TT7] L 

Example 3.16. Trivial groupoid. Let X be a smooth manifold. Put G = X, 
= X, the maps s and r are the identity maps. The operator algebras 
C*(G) and C*(G) coincide with the commutative C*-algebra Cq{X). 

Example 3.17. Principal groupoid. Let X be a smooth manifold. Put 
= X, G = X x X. The maps s : X x X ^ X and r : X x X ^ X are 
given by s(x, y) = y, r(x, y) = x. If we choose a Haar system on G, taking 
as v x a fixed smooth measure \x in each G x = X, then the operations in 
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C^°(G) are given by 
(fci * k 2 )(x,y) 
k*(x,y) 

where k, ki,k 2 G C£°(G). Thus, elements of C£°(G) can be considered as the 
kernels of integral operators in C°°(X). The representation k — > R x (k) takes 
each fc G C~(G) C C°°(X x X) to the integral operator in L 2 (G X , v x ) ^ 
L 2 (X,/j,) with the integral kernel fc: 

R x {k)u(y) = k(y,z)u(z)d/j,(z), ueL 2 (X,fi). 
Jx 

Finally, the operator algebras C*{G) and C*(G) coincide with the algebra 
C Q (X)^IC(L 2 (X, f i)). 

Example 3.18. Group actions. Let a Lie group H act smoothly from the 
left on a smooth manifold X. Consider the corresponding crossed product 
groupoid G = X x H. Then G x = H for any x G X and a smooth Haar 
system on G = X x H is given by a left-invariant Haar measure d/t on H. 
The multiplication in C£°(G) is defined for any u,v G C£°(X x if) by 

(u * u)(z, 5) = / u(x,h)v(h~ 1 x,h~ 1 g) dh, (x,g) € X x H, 
Jh 

the involution is defined for u € C£°(X x ff) by 

= ufa- 1 ^- 1 ), (x,g)£XxH. 

The operator algebras C*(G) and C*(G) associated with the crossed product 
groupoid G = X x H coincide with the crossed products Cq(X) x r H and 
Cq{X) x if of the algebra Co(X) by the group H with respect to the induced 
action of H on Cq{X) (cf., for instance, j!47| ). 

If the group H is discrete, elements of C£°(G) are families {a 7 G C°°(X) : 
7 G -ff} such that a 7 7^ for finitely many elements 7. It is convenient to 
write them as a = X^e/f a 7^7- The multiplication in C£°(G) is written as 

(a 7l C/ 7l )(6 72 [/ 72 ) = (a 7l T 7l (£>7 2 ))^7i72! 

where T 7 denotes the operator in Co(X) induced by the action of 7 G H : 

T y f(x) = f( 1 - 1 x), xex, feCo(X). 

The involution in the algebra C£°(G) is given by 

(a 7 C/ 7 )* = a 7 Ky-i. 

Let G be the holonomy groupoid of a foliation J 7 on a compact manifold 
M. Elements of the algebra C£°(G) can be considered as families of the 
kernels of integral operators along the leaves of the foliation (more precisely, 
on the holonomy coverings G x ). Namely, each k G C£°(G) corresponds 




ki(x, z)k 2 (z, y)dfj,(z), (x,y) G X x X, 



= k(y,x), (x,y)eXxX, 
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to the family {R x (k) : x £ M}, where R x (k) is the integral operator in 
L 2 (G X , v x ) given by the integral kernel 

#(7i>72) = H^i 1 72), 71,72 eG 1 . 

The product of elements k\ and k 2 from C£°(G) corresponds to the com- 
position of integral operators {R x (ki)R x (k 2 ) : x £ M}. Finally, the rep- 
resentation R means the natural action of such families of leafwise integral 
operators in L 2 (M). In this case, the algebra C*(G) will be often called the 
reduced C*-algebra of the foliation and denoted by C*(M, J 7 ). 

Example 3.19. Consider the simplest example of a foliation, given by the 
linear foliation on the torus. Thus, suppose that M = T 2 = R 2 /Z 2 is the 
two-dimensional torus and a foliation Tq is given by the trajectories of the 
vector field X = £ + 0%, where 9 £ R is a fixed irrational number. 

Since this foliation is given by the orbits of a free group action of R on T 2 , 
its holonomy groupoid coincides with the crossed product groupoid T 2 x R. 
Thus, G = T 2 x R, G(°) = T 2 , s(x, y,t) = (x-t,y- 0t), r(x, y, t) = (x, y), 
(x, y) £ T 2 , ( £ 1, and the multiplication is given by 

(x 1 ,y 1 ,t 1 )(x 2 ,y2,t 2 ) = (xi,yi,h + t 2 ), 

if x 2 = xi- ti,y 2 = yi- Oh. 

The (7*-algebra C*(G) of the linear foliation on T 2 coincides with the 
crossed product C(T 2 ) x r R. Therefore, the product k\ * k 2 of k\,k 2 £ 
C^°(T 2 x R) C C(T 2 ) xi r R is given by 

/oo 
k l (xi,y 1 ,t l )k 2 (x -h,y- 9ti,t- t^dti, 
-00 

(x,y)£T 2 , (61, 

and, for any k £ C C °°(T 2 x R), 

k*( x , y, t) = k(x-t,y- 6t, -t), (x,y)£T 2 , t£R. 

For any k £ C^°(T 2 x R) and for any (x,y) £ T 2 , the operator R( x ^(k) in 
L 2 (G (x ^) ^ L 2 (R) has the form: for any u £ L 2 (R) 

/oo 
k(x -ti,y - 9h,t -ti)u(ti)dti, t£R. 
-00 

Finally, for any k £ C^°(T 2 xR), the corresponding operator R(k) in L 2 (T 2 ) 
is given by 

/oo 
k(x,y,t)u(x - t,y - 6t)dt, (x,y)£T 2 . 
-00 

If 9 is rational, then the linear foliation on T 2 is given by the orbits of 
a free group action of S* 1 on T 2 , and its holonomy groupoid coincides with 
the crossed product groupoid G = T 2 x S 1 . 
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We will also need the twisted version of the notion of the G*-algebra 
of a foliation (M, J-) , with coefficients in a Hermitian vector bundle E on 
M. Denote by C£°(G,£(E)) the space of smooth, compactly supported 
sections of the vector bundle (s*E)* (g) r*E on G. In other words, the value 
of k G C£°(G,£(E)) at any 7 G G is a linear map £(7) : -£^(7) — * E r r~y The 
structure of an involutive algebra on C%°(G,£(E)) is defined by analogous 
formulas 

h * £2(7) = / ^i(7i)^2(7r 1 7) ^(71), 7 G G, r(7) = x, 
k*( 1 ) = k(T 1 T, 7 G G. 

with the only difference that the product fei (71)^2(71" 1 7) means here the 
composition of the linear maps ^2(71" 7) : -^(7) ~~ > ^s(ti) anc ^ &i(7i) : 
E 8 (ji) ~> Er(yi) an< i M7" 1 )* means the adjoint of k^" 1 ) : E r (~\ — ► E 8 (~y 

Consider the vector bundle = s*(E) on G. Let .E 1 be the restriction 
of the bundle E to G x , and L 2 {G X ,E X ) the Hilbert space of L 2 -sections of 
the bundle E x , determined by the fixed Hermitian structure on E x and the 
measure v x . For any x G M, we introduce a representation R x of the algebra 
G C °°(G,£(£)) in L 2 (G X ,E X ), given, for fc G G C °°(G, £(E)), by 

(3.2) R x (k)C(j)= [ fc( 7 - 1 7i)C(7i)^(7i), CeL 2 ^,^). 

The completion of G^°(G, £(E)) in the norm = sup x is called 

the reduced (twisted) G*-algebra of the foliation with coefficients in E and 
denoted by G r *(G,£) or C*{M, T, E). Denote by C*(G,E) the full G*- 
algebra of the foliation, defined in the same way as in the case of trivial 
coefficients. 

Any k G G C °°(G,£(£)) defines an operator R E (k) in C°°(M,E). For any 
u G C°°(M,E), we have 

(3.3) R E {k)u{x) = [ k(~f)u(s(~f))dv x {~f), x G M. 

Jg x 

The correspondence k \— > R E (k) determines a representation of the algebra 
G C °°(G,£(£)) in L 2 (M,E). 

Let us give some facts, which relate the structure of the reduced G*- 
algebra of a foliation G*(M, J-) with the topology of J- (for more details cf. 

[EHiinni)- 

Theorem 3.20 ( 68 ). Let (M, F) be a foliated manifold. 

(1) The C* -algebra C*(M,J : ) is simple if and only if J- is minimal, i.e. 
every its leaf is dense in M . 

(2) The C* -algebra C*(M,J : ) is primitive if and only if J- is (topologi- 
cally) transitive, i.e. it has a leaf, dense in M. 
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(3) If T is amenable in the sense that C*{M,T) = C*(G), the C*- 
algebra C*(M, J 7 ) has a representation, consisting of compact oper- 
ators if and only if T has a compact leaf. 

In the work jSH], a description of the space of primitive ideals of the 
C*-algebra C*(M,J 7 ) is also given. 

3.2.2. Definition, using half- densities. In this Section, we will give the def- 
initions of the operator algebras associated with a foliated manifold, which 
make no choice of a Haar system. For this, we will use the language of 
half-densities. 

Let {M,T) be a compact foliated manifold. Consider the vector bundle 
of leafwise half-densities \T!F\ l l 2 on M. Pull back ^T^l 2 to the vector 
bundles s*(|TJ r | 1 / 2 ) and r*(|TJ r | 1 / 2 ) on the holonomy groupoid G, using 
the source map s and the range map r. Define a vector bundle \TQ\ 1 / 2 on 
G as 

\TQ\ 1 ' 2 = r*(\TT\ 1/2 ) ® s*(\TT\ 1/2 ). 

The bundle \FQ\^I 2 is naturally identified with the bundle of leafwise half- 
densities on the foliated manifold (G, Q). 

The structure of an involutive algebra on C^°(G, (T^ 1 / 2 ) is defined as 

01*02(7)= / 0-1(71)0-2(72), 7 6 G, 

•'7172=7 

o-*(7) = o-(7~ 1 ), 76G, 

where a, a x ,a 2 G C 6 °°(G, \TQ\ l l 2 ). The formula for o\ * o~2 should be inter- 
preted in the following way. If we write 7:2;— > y,ji : z — > y and 72 : x — ► z, 
then 

0-1(71)0-2(72) £\T y F\ 1/2 \T z T\ l l 2 ® \T Z T\ 1 ' 2 ® \T x T\ l l 2 
^\T y T\ l l 2 ®\T z T\ l ®\T X T\ X I 2 , 

and, integrating the [T^l ^component 0-1(71)0-2(72) with respect to z E M, 
we get a well-defined section of the bundle r* ( |TJ^| x / 2 ) <g) s*(|7"J^"| 1 / 2 ) = 
{TGI 1 / 2 . 

In the case of nontrivial coefficients, taking values in an Hermitian vector 
bundle E on M, it is necessary to consider the space C™(G,C(E)®\Tg\ 1 / 2 ), 
where the structure of an involutive algebra is defined by the same formulas. 

The formula ()3.3|) can be rewritten in the language of half-densities as 
follows. For any a G C™(G, L{E)®\TQ\ X I 2 ) and u G C°°(M, E (g) ITM) 1 / 2 ), 
the element R E {cr)u of C°°(M,.E <g> (TM) 1 / 2 ) is given by 

R E {o)u{x) = / o-(7)s*u(7), x £ M. 
Jg x 

This formula should be interpreted as follows. Using a canonical isomor- 
phism ITMI 1 / 2 = \TT\ 1/2 <g> (TAf/TJ 7 ! 1 / 2 of vector bundles on M and a 
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canonical isomorphism s*(\TM/T!F\ l l 2 ) = r*(|TM/TJ 7 | 1 / 2 ) of vector bun- 
dles on G given by the holonomy, we get 

s*u £ C™(G,s*(E<g> \TT\ X I 2 % \TM/TF\ l l 2 )), 

and 

a • s*u £ C C °°(G, r*E ® r*(|TM| 1 / 2 ) ® s*(|T^|)). 
Integration of the component in s*(\TJ T \) over G x , i.e. with a fixed r(j) = 
x £ M, gives a well-defined section Re(ct)u of -E (8> iTMj 1 / 2 on M. 

3.3. Von Neumann algebras and noncommutative measure theory. 

The initial datum of noncommutative measure theory is a pair (M , 0) , con- 
sisting of a von Neumann algebra M and a weight on . 

Definition 3.21. A von Neumann algebra is an involutive subalgebra of 
the algebra C(H) of bounded operators in a Hilbert space H, closed in the 
weak operator topology. 

Definition 3.22. A weight on a von Neumann algebra M. is a function 
4>, defined on the set M+ of positive elements of M, with values in R + = 
[0. + oo], satisfying the conditions 

(f)(a + b) = 4>(a) + 4>(b), a,b G M + , 

<j)(aa) = a(p(a), a £ R + , a £ M. + . 

A weight on a von Neumann algebra M is called a trace, if 

4>(a*a) = cp(aa*), a £ M.+. 

Definition 3.23. A weight 4> on a von Neumann algebra M is called 

(1) faithful, if, for any a £ the identity (p(a) = implies a = 0; 

(2) normal, if, for any bounded increasing net {a a } of elements from 
M+ with the least upper bound a, the following identity holds: 

4>(a) = sup(j)(a a ). 

a 

(3) semifinite, if the linear span of the set {x £ M+ : <j>(x) < oo} is 
a- weakly dense in Ai. 

Every von Neumann algebra has a faithful, normal, semifinite weight. 

Example 3.24. The trace functional tr on the von Neumann algebra C(7i) 
of bounded linear operators in a Hilbert space H is a faithful, normal, semifi- 
nite trace. 

Example 3.25. If a measure space X is endowed with a cr-finite measure 
H, then elements of L°°(X,n) considered as multiplication operators in the 
Hilbert space L 2 (X, fi) form a von Neumann algebra. Moreover, the identity 

Hf)= [ f(x)dfi(x), f £ L°°(X, [i), 
Jx 

defines a faithful, normal, semifinite trace on L°°(X, //). 
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The foundations of the noncommutative integration theory for foliations 
were laid by Connes in Let (M,J-) be a compact foliated manifold. 

Let p be a strictly positive continuous transverse density, a a strictly posi- 
tive smooth leafwise density, and v = s*a the corresponding smooth Haar 
system. The measures p and a can be combined to construct a measure p 
on M. Finally, the measure p and the Haar system v define a measure m 



In the previous Section we defined the representation R x of the involutive 
algebra C£°(G) in the Hilbert space L 2 {G x ,v x ) for any x G M. Consider a 
representation R of the algebra C C °°(G) in L 2 (G, m) = J® L 2 (G X , dp{x) 
defined as the direct integral of the representations R x : 



Definition 3.26. The von Neumann algebra W*(M, T) of the foliation T 
is defined as the closure of the image of C£°(G) under the representation R 
in the weak operator topology of C(L 2 (G,m)). 

Since the definition of the von Neumann algebra W*(M, J-) depends only 
on the class of the measure m (i.e. the family of all sets of m-measure zero), 
it is easy to see that this definition does not depend on the choice of p and 
a. 

If we assume that the union of all leaves with nontrivial holonomy has 
measure zero, elements of W*(M, T) can be considered as measurable fam- 
ilies {Ti : I G M/J 7 }, where 7] is a bounded operator in L 2 (l) for each leaf I 
of T (see more details in |B3 E3 E2] ) . 

A holonomy invariant measure p on M defines a normal semi-finite trace 
tr M on the von Neumann algebra W*(M, J 7 ). For any bounded measurable 
function k on G, the value tr^(fc) is finite and is given by 



The paper [HI] gives a description of weights on the von Neumann algebra 
W*(M, F). As explained in j^S], the construction of [^U can be interpreted 
as a correspondence between weights on W*(M,J r ) and operator- valued 
densities on the leaf space MjT. 

Example 3.27. Consider the linear foliation Tq on the torus T 2 , 9 G R 
is a fixed irrational number. The Lebesgue measure p = dxdy on T 2 is a 
holonomy invariant measure. The value of the corresponding faithful normal 



semi-finite trace tr M on k G C™(T 2 x R) c W*^ 2 ,^) is given by 



on G: 




R = 






k(x, y, 0) dx dy. 
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A von Neumann algebra is called a factor if its center consists of operators 
of the form A • I, A G C. 

Theorem 3.28. Let (M,!F) be a foliated manifold. A von Neumann algebra 
W* (M, J-) is a factor if and only if the foliation is ergodic, that is, any 
bounded measurable function, constant along the leaves of the foliation J- , is 
constant on M. 

It is known that von Neumann algebras are classified in three classes: 
type I, II and III. Any von Neumann algebra A4 is canonically represented 
as a direct sum M.i © M.n ® M.111 of von Neumann algebras, where M.i, 
Ain and Aim are von Neumann algebras of type I, II and III accordingly. 

Theorem 3.29. Let (M, J 7 ) be a foliated manifold. The von Neumann 
algebra W*{M,F) is of: 

(1) type I if and only if the leaf space is isomorphic to the standard Borel 
space. 

(2) type II if and only if there is a holonomy invariant transverse mea- 
sure and the algebra is not of type I. 

(3) type III if and only if there is no holonomy invariant transverse 
measure. 

3.4. C*-modules and vector bundles. A noncommutative generalization 
of the notion of vector bundle (as a topological object) is the notion of 
Hilbert C*-module. Hilbert C*-modules are also natural generalizations 
of Hilbert spaces, which arise if we replace the field of scalars C to an 
arbitrary C*-algebra. The theory of Hilbert C*-modules appeared in the 
papers |145U157] and has found many applications in the theory of operator 
algebras and its applications (see more detailed expositions of basic facts of 
this theory in [TTH1 1123 EE HH3D- 

Definition 3.30. [TIKl lTKTj Let B be a C*-algebra. A pre-Hilbert 5-module 
is a right B-module X equipped with a sesquilinear map (linear in the second 
argument) (•, -)x :IxI-tB, satisfying the following conditions: 

(1) (x,x)x > for any x £ X; 

(2) (x, x)x = if and only if x = 0; 

(3) (y,x) x = (x,y) x for any x,y G X; 

(4) (x, yb) x = {x, y)xb for any x,y G X,b G B. 
The map {-,-)x is called a -B-valued inner product. 

Let X be a pre-Hilbert i?-module. It can be shown that the formula 
ll^llx = IK^, x )x II 1 / 2 defines a norm on X. If X is complete in the norm 
|| • ||x; then X is called a Hilbert C*-module. In a general case, the action 
of B and the inner product on X are extended to its completion X, making 
X into a Hilbert C*-module. 

Example 3.31. If E is a Hermitian vector bundle on a compact manifold 
X, then the space of its continuous sections C(X, E) is a Hilbert module 
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over the algebra C(X) of continuous functions on A. The action of C(X) 
on C (X, E) is given by 

(a • s)(x) = a(x)s(x), x G X, 

and the inner product 

(si,s 2 )(x) = (si(x),s 2 (x))e x , x e X. 

Definition 3.32. A vector bundle Jiona foliated manifold (M, T) is called 
holonomy equivariant, if there is given a representation T of the holo- 
nomy groupoid G of the foliation T in the fibers of E, that is, for any 
7 G G, 7 : x — > y, there is defined a linear operator T(*y) : E x ^ E y such 
that T(7i7 2 ) = r(7i)T(7 2 ) for any 71,72 G G with r(j 2 ) = s(j{). 

A Hermitian (resp. Euclidean) vector bundle £ on a foliated manifold 
(MjJ 7 ) is called holonomy equivariant, if it is a holonomy equivariant vector 
bundle and the representation T is unitary (resp. orthogonal): T(7 -1 ) = 
T(j)* for any 7 G G. 

For any holonomy equivariant vector bundle E — > M, the action of the 
groupoid G on E defines a horizontal foliation Te on E of the same dimen- 
sion as the foliation T . The leaf of Te through a point v G E consists of all 
points of the form T( / y)~ 1 (v) with 7 G G, r{^) = ir(v). Thus, any holonomy 
equivariant vector bundle is foliated in the sense of jl()7j . 

Definition 3.33. A vector bundle p : P — > M is called foliated, if there 
is a foliation T on P of the same dimension as J- such that its leaves are 
transversal to the fibers of p and are mapped by p to the leaves of T . 

Equivalently, one can say that a foliated vector bundle is a vector bundle 
P on M, which has a flat connection in the space C°°(M, P) defined along 
the leaves of that is, an operator 

V : X(T) x C°°(M,P) -> G°°(M,P), 

satisfying, for any / G G°°(M),A G X(F),a G G°°(M,P), the standard 
conditions 

V/X = /Vl, Vx(f8) = (Xf)8 + fV X 8, 

and also the flatness condition 

[Vx,W]=V [X)Y] , A, y G 

The parallel transport along leafwise paths associated with the connection V 
defines an action of the fundamental groupoid of the foliation n(M, J 7 ) in the 
fibers of the foliated vector bundle P. In general, the parallel transport may 
depend on the holonomy of the corresponding path, therefore, this action 
does not necessarily pull down to an action of the holonomy groupoid in 
the fibers of P, and, therefore, a foliated vector bundle is not necessarily 
holonomy equivariant. 
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Let E be a holonomy equivariant vector bundle. The holonomy groupoid 
Gg of the horizontal foliation Te on E is described as follows (see, for 
instance, |100j ): 

G E = r*{E) = {( 7 ,«) G G x E : r( 7 ) = tt(v)}, 

(Ge)^ = E, the source map s : Ge —>■ E is given by s(j,v) = T( 7 ) -1 (u), 
the range map r : Ge — * E by r( 7 , v) = v and the composition has the form 
( 7 ,f)( 7 ',f') = ( 77 ',f), where v' = T( 7 ) (v). 

Example 3.34. The normal bundle t x = T X M /T X J- ', x G M, is a holonomy 
equivariant vector bundle, if it is equipped with the action of the holonomy 
groupoid G by the linear holonomy map dhj : t x — * r y , 7 : x — > y. The 
corresponding partial flat connection defined along the leaves of T is the Bott 

o 

connection V (cf. 1|2.1[0 , The normal bundle r is a holonomy equivariant 
Euclidean vector bundle, if T is a Riemannian foliation. 

Example 3.35. The dual example to the previous one is given by the conor- 
mal bundle N*F equipped with the action of the holonomy groupoid G by 
the linear holonomy map (dh*)" 1 : N*^ — ► NyJ 7 for 7 : x — > y. The cor- 
responding flat connection defined along the leaves of T is the connection 

o 

(V)*, dual to the Bott connection (cf. (|2.3j0 . 

The horizontal foliation on N*T coincides with the linearized foliation 
J~N (see the symplectic description of this foliation in Example 12.46(1 . The 
leaf L v of J-n through a point 77 G N*F consists of all points of the form 
dh*(r]) with 7 £ G such that r( 7 ) = ir(r]) (cf. also an invariant definition in 

IE5I)- 

The holonomy groupoid of the linearized foliation J-pj , denoted by G^ N , 
is described as follows: 

Gr N = {(1,V) £GxN*F: r( 7 ) = n(n)} 

with the source map s : Gp N — > N*^, s( 7 , 77) = dh*(rj), the range map 
r : G^ N — > N*T, r( 7 , 77) = 77 and the composition ( 7 , 77) ( 7 ', 77') = (7V, 77) 
defined in the case when 77' = dh*(rj). The projection 7r : A^*JT — > M 
induces a map 7Tg : G^ — > G by the formula 

7Tg(7,^)=7 5 (7,l)eG fr 

Let us also note that the canonical relation T in T*M associated with 
iV* J 7 (cf. Example I2.46|) is given by the (one-to-one) immersion (r, s) : 
Gp N T*M x T*M. 

For any holonomy equivariant vector bundle i? on a foliated manifold 
(M, J 7 ), there is defined a pre-Hilbert C^°(G)-module £oo. As a linear space, 
£oo coincides with C£°(G,r*E). The module structure on is introduced 
in the following way: the action of / G C^°(G) on s G £00 is given by 

(a*/)(7)=/ s(7')/(7 /_1 7)^(7 / ) ; 7 G G» 
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and the inner product on with values in C£°(G) is given by 

(si,s 2 )(7) = J^isii^'' 1 ), S2(7~ 1 l)) E s(y) dv y (7), Si,S 2 G Eoo- 

The completion of E^ in the norm ||s|| = \\R((s,s))\\V 2 defines a C*-Hilbert 
module over C*(G), that we denote by £. It is equipped with a C*(G)- 
sesquilinear form (•, •) with values in C*(G), which is the extension by con- 
tinuity of the sesquilinear form on E^. The C*-Hilbert module £ can be 
considered as a noncommutative analogue of the algebra of continuous sec- 
tions of the bundle E considered as a bundle on the leaf space M/J-. 
There is also a left action of C£°(G) on £00 given by 

(3.4) (/* s )( 7 )=/ /( 7 / )r(7 , )[s(7 ,-1 7)]^(7 / ), 7^, 

JGv 

where / G C^°(G) and s G £00 ■ Unlike the right action, the left action 
does not extend to an action of C*(G) by bounded endomorphisms of the 
C*-Hilbert module £ over C*{G). As shown in |l2] (see also |38j ) . for any 
/ G C^°(G) the formula 1)3. 4 Jl defines an endomorphism A(/) of the C*- 
Hilbert module £ with the adjoint, given by 

(A(/)* S )( 7 ) = / /»(7 / )r(7')[«(7'" 1 7)]^(7')> 7£G', 

JGv 

where f^(-y) = f('~f~ 1 )A('y) and A(7) : £y( 7 ) — ► E r (~\ i s the linear operator 
given by 

A(7) = (T(7)- 1 )*T( 7 )- 1 . 
Thus, if the Hermitian structure on E is not holonomy invariant, the repre- 
sentation A is unbounded with respect to the C*-norm on C*(G). Neverthe- 
less, it can be shown that the homomorphism A is a densely defined closable 
homomorphism of C*-algebras. Hence, the domain of the closure A of the 
homomorphism A endowed with the graph norm \\x\\\ = \\x\\ + ||A(x)|| is a 
Banach algebra B, dense in the C*-algebra C*{G). Thus, the C*-Hilbert 
module £ is a -B-C* (G)-bimodule. 

In particular, if we take E to be the holonomy equivariant bundle N*T, 
we get the C*-Hilbert module of transverse differential j-forms Q J over 
the C*-algebra C r *(G) as the completion of the pre-Hilbert C C °°(G, \Tg\ 1 / 2 )- 
module = C C °°(G, r* f\ j N*F® \Tg\V 2 ). There is a product x ft^ A 
Qoo k , compatible with the bimodule structure: 

(3.5) (uAwi)(7)= / w(7i) A 7 io;i(7f 1 7), w € wi G 

For any holonomy equivariant vector bundle £7 on a foliated manifold 
(M, J 7 ), there is defined a natural representation of C£°(G) in the space 
C°°(M,E) of its smooth sections over M. It is obtained as the restriction 
of the representation Re of the algebra C£°(G,C(E)) to C%°(G), which is 
embedded in C%°(G,£(E)) by means of the homomorphism k G C^°(G) 1— > 
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kT e C™(G,C{E)). If {v x : x G G^} is a smooth Haar system on G, then 
this representation, which we will also denote by Re, is defined as follows. 
For any u £ C°°(M,E), the section R E (k)u £ C°°(M,£) is given by 

(3.6) R E {k)u{x)= ( fc(7)T(7)Ka( 7 ))]di^(7), x £ M. 

Jg* 

If £7 is a holonomy equivariant Hermitian vector bundle on M, then Re 
is a ^representation. In this case, we define a C*-algebra C^(G) as the 
closure of Re(C£°(G)) in the uniform topology of C(L 2 (M,E)). 

By Theorem 2.1 in |SH], there is an estimate 

(3-7) ||fc||c*(G >S ) < 11^)11, k £ C™(G,£(E)), 

therefore, the reduced C*-algebra C*.(G,E) is the quotient of the algebra 
Cg(G), and there is a natural projection ir : C E (G) — > C*(G,E). 

4. NONCOMMUTATIVE TOPOLOGY 

4.1. X-theory and /{'-homology. One of the main tools for the investi- 
gation of topological spaces is the topological iT-theory (see [Tl 111)81 fl.32] ) . 
Recall that the group K°(X) associated with a compact topological space X 
is generated by stable equivalence classes of locally trivial finite-dimensional 
complex vector bundles on X. Equivalently, elements of K°(X) are de- 
scribed as stable isomorphism classes of finitely generated projective mod- 
ules over the algebra C(X) or as equivalence classes of projections in the 
matrix algebra over C{X) (see below). 

In this Section, we briefly recall the definition of the /T-theory for C*- 
algebras, the noncommutative analogue of the topological X-theory, and 
also the definition of the /T-homology groups (see, for instance, 02 EH1 
EEI EM3 [EHl for further information). 

Let A be a unital C*-algebra. Denote by M n (A) the algebra of n x re- 
matrices with elements from A. We will assume that M n (A) is embedded 

into M n+1 {A) by the map X ->• ||V Let M^A) = ]xmM n (A). 

The group Kq{A) is defined as the set of homotopy equivalence classes of 
projections (p 2 = p = p*) in M oa (A) equipped with the direct sum operation 

Denote by GL n (A) the group of invertible n x n-matrices with elements 
from A. We will assume that GL n (A) is embedded into GL n+ \(A) by the 

map X -»■ °\ Let GL^A) = lim GL n (A). The group K X (A) is 

defined as the set of homotopy equivalence classes of unitary matrices (u*u = 
uu* = 1) in GLoo^A), equipped with the direct sum operation. 

If A has no unit and A + is the algebra, obtained by adding the unit to the 
algebra A, then we have the homomorphism i : C — > A + : A i — ^ A- 1, inducing 
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a homomorphism : Kq(C) — > Kq(A + ), and Kq(A) is defined as the kernel 
of this homomorphism. Moreover, by definition, K\(A) = K\{A + ). 

For an arbitrary algebra A over C, there are defined the groups Kq (A) 
and Ki(A) of the algebraic if -theory (see, for instance, [7| ll3flj ). The group 
Kq(A) is defined similarly to the group Kq(A) of the topological if -theory, 
using idempotents (e 2 = e) in M oc (A) instead of projections. The group 
Ki(A) is defined as the quotient of the group GL QO (A) by the commutant 
[GL^A^GLooiA)]. 

The construction of the if-homology for noncommutative algebras is 
based on the notion of Fredholm module. This notion is a functional-analytic 
abstraction of the notion of elliptic pseudodifferential operator on a compact 
manifold. The idea that abstract elliptic operators can be naturally consid- 
ered as elements of the if -homology groups, suggested by Atiyah 2 ], was 
realized by Kasparov (see |11U| ). 

Recall that a Hilbert space H is called Z2-graded, if there is given its 
decomposition into a direct sum of Hilbert subspaces H = Hq(B H\. Equiv- 
alently, a Z2-grading on H is defined by a self-adjoint operator 7 G C(H) 
such that 7 2 = 1. Given the decomposition H = H + © H~ , the operator 7 

has the matrix 

Definition 4.1. A Fredholm module (or a if-cycle) over a C*-algebra A is 
a pair (H,F), where 

(1) H is a Hilbert space, equipped with a ^representation p of the al- 
gebra A; 

(2) F is a bounded operator in H such that, for any a £ A, the operators 
(F 2 — l)p(a), (F — F*)p(a) and [F,p(a)] are compact in H. 

A Fredholm module (H, F) is called even, if the Hilbert space H is endowed 
with a Z2-grading 7, the operators p{a) are even, jp(a) = p(a)7, and the 
operator F is odd, 7F = — F7. In the opposite case, it is called odd. 

Recall that, for any p > 1, the Schatten class £ p {7i) consists of all compact 
operators T in a Hilbert space TL such that the operator \T\ P is a trace 
class operator. Let p\{T) > P2(T) > ... be the characteristic numbers 
(s-numbers) of a compact operator T in TL, that is, the eigenvalues of the 
operator \T\ = yT*T, taken with multiplicities. Then 

00 

T e C P {H) & tr \T\ P = \Vn(T)\ p < 00. 

n=l 

Definition 4.2. A Fredholm module (H, F) is called p-summable, if (F 2 — 
l)p(a), (F - F*)p(a) and [F, p(a)\ belong to CP (H). 

The homology groups K° (A) (K 1 (A)) are defined as the sets of homotopy 
equivalence classes of even (resp. odd) Fredholm modules over A. The 
direct sum operation defines the structure of an abelian group on K°(A) 
and if 1 (A). 
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Example 4.3 (|M9j). Let M be a compact manifold, E a Hermitian vector 
bundle on M. Then the pair (H,F), where: 

• H = L 2 (M,E); 

• F G ty°(M,E) is an elliptic operator with the principal symbol of 
such that op = l,o F = op (for instance, one can take an operator 
of the form D(l + D 2 ) -1 / 2 with some self-adjoint elliptic operator 
D G <& m (M,E),m > 0) 

is a Fredholm module over C°°(M). 

Example 4.4 (jSH])- Let {M,ZF) be a compact foliated manifold, E a ho- 
lonomy equivariant Hermitian vector bundle on M. Then the pair (H,F), 
where: 

• H = L 2 (M,E); 

• F G \I/ (M, E 1 ) is a transversally elliptic operator with the holonomy 
invariant (see Definition 17. 7j) transversal principal symbol of such 
that o 2 F = 1, o F = of- 

is a Fredholm module over C£°(G). 

A Fredholm module (H,F) defines an index map ind : if*^) — » Z. 
In the even case, with respect to the decomposition H = H + © H~ given 
by the ^-grading of H, the operator F takes the form 

(4.1) F =(f+ F o)> F ±-- HT ^ H± - 

For any projection e G M q (A), the operator e(i ?+ (8'l)e, acting from e(H + ® 
C g ) to e(H~ (g) C 9 ), is Fredholm, its index depends only on the homotopy 
class of e. Therefore, a map ind : Kq(A) — > Z is defined as 

(4.2) ind[e] = inde(F+ ® l)e. 

In the odd case, for a unitary matrix U G GL q (A), the operator (P <g) 
1)J7(P (8> 1), where P = is a Fredholm operator. Moreover, the index 
of the operator (P <g> 1)U(P <S> 1) depends only on the homotopy class of U. 
Therefore, the map ind : K\(A) — > Z is given by 

(4.3) ind[Z7] = ind(P ® 1)C/(P ® 1). 

In both cases, both in the even one, and in the odd one, the map ind 
depends only on the class defined by the Fredholm module (H, F) in the 
iT-homology group. 

Computation of the ET-theory for the C*-algebra of a foliation is not an 
easy problem. In the case of the linear foliation on T 2 , the computation 
of the i<C-theory of the C*-algebra of the foliation can be reduced to the 
computation of the if-theory of the C*-algebra Ag (see Example I4.10|) and 
was given in |150| . For arbitrary foliations on T 2 and S* 3 , the computation 
of the K-theory of the C*-algebra of the foliation was done in |178j . 

In [Sj (see also |55| ) a geometrical construction of elements of the group 
K(C*(M, T)) was suggested. For any topological groupoid C, one can define 
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the classifying space BC, which is constructed, using a modification of the 
classical Milnor's construction of the classifying space of a group |89 |ll29j . In 
particular, the classifying space BG of the holonomy groupoid of a foliation 
is defined (see |37| Chapter 9]). The normal bundle r on M defines a vector 
bundle on BG, which is also denoted by r. The geometric group K*^ T {BG) 
is defined as the relative K-theory group 

K* ;T (BG) = K*(B(t),S(t)), 

where B(t) is the unit ball subbundle of the bundle r and S(t) is the unit 
sphere bundle. 

In jS] (cf. also jnS]), a map (the topological index) 

H : K %r (BG) -»■ K(C*(M,f)) 

was constructed by means of topological constructions. The Baum-Connes 
conjecture claims that fi is an isomorphism. We refer the reader to the papers 

una C2H ins EH2 nisi nzoi nzu ixzs uzhi una usu for various aspects of 

the Baum-Connes conjecture for foliations and related computations of the 
-KT-theory for C*-algebras of foliations. 

4.2. Strong Morita equivalence. The notion of isometric *-isomorphism 
between C*-algebras is a natural analogue of the notion of homeomorphism 
of topological spaces. However, there is a wider equivalence relation for C*- 
algebras, strong Morita equivalence, introduced by Rieffel |157| 1159] . which 
preserves many invariants of C*-algebras, for instance, the K-theory, the 
space of irreducible representations, the cyclic cohomology, and coincides 
with the isomorphism on the class of commutative C*-algebras. The iso- 
metric *-isomorphism of C*-algebras of foliations is related with the isomor- 
phism of the corresponding holonomy groupoids, while their strong Morita 
equivalence is related with the isomorphism of the corresponding leaf spaces. 
Therefore, in many respects the notion of strong Morita equivalence is a more 
adequate notion for the study of transverse geometric structures on foliated 
manifolds. 

Definition 4.5. Let A and B be C*-algebras. An A-S-equivalence bi- 
module is an A-S-bimodule X, endowed with ^4-valued and -B-valued inner 
products {-,')a and {-,-)b accordingly, such that X is a right Hilbert B- 
module and a left Hilbert ^4-module with respect to these inner products, 
and, moreover, 

(1) (x, y) A z = x{y, z) B for any x,y,z G X; 

(2) The set (X, X)a generates a dense subset in A, and the set (X, X) b 
generates a dense subset in B. 

We call algebras A and B strongly Morita equivalent, if there is an A- In- 
equivalence bimodule. 

It is not difficult to show that the strong Morita equivalence is an equiv- 
alence relation. 
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For any linear space L, denote by L the conjugate complex linear space, 
which coincides with L as a set and has the same addition operation, but 
the multiplication by scalars is given by the formula Xx = (Acc)~. If X is 
an ^-^-equivalence bimodule, then X is endowed with the structure of a 
-B-j4-equivalence bimodule. For instance, bxa = (a*xb*)~ . 

Theorem 4.6. |157j Let X be an A-B -equivalence bimodule. Then the map 
E — ► X®bE defines an equivalence of the category of Hermitian B -modules 
and the category of Hermitian A-module with the inverse, given by the map 
F -^F® B X. 

In particular, Theorem 14 . 61 implies that two commutative C*-algebras are 
strongly Morita equivalent if and only if they are isomorphic. 

The following theorem relates the notion of strong Morita equivalence 
with the notion of stable equivalence. 

Theorem 4.7. |2(ij Let A and B are C* -algebras with countable approximate 
units. Then these algebras are strongly Morita equivalent if and only if they 
are stably equivalent, i.e. A ® K. = A ® K, where K, denotes the algebra of 
compact operators in a separable Hilbert space. 

Example 4.8. If J 7 is a simple foliation given by a bundle M — * B, then 
the C*-algebra C*(M,J T ) is strongly Morita equivalent to the C*-algebra 
C (B). 

Example 4.9. Consider a compact foliated manifold (M, T). As usual, let 
G denote the holonomy groupoid of T . For any subsets A, B C M, denote 

G^{ T eG:r( 7 )e4, s ( 7 )e4 

In particular, 

G% = { 7 € G : S (7) G T}. 
If T is a transversal, then is a submanifold and a subgroupoid in G. Let 
C*(G^) be the reduced C*-algebra of this groupoid. As shown in jUHj, if T 
is a complete transversal, then the algebras C*(G) and C*(G^) are strongly 
Morita equivalent. In particular, this implies that 

C*{G) =K,® C*(Gt). 

Example 4.10. Consider the linear foliation Tq on the two-dimensional 
torus T 2 , where 6 S R is a fixed irrational number. If we choose the transver- 
sal T given by the equation y = 0, then the leaf space of the foliation J~q 
is identified with the orbit space of the Z-action on the circle S 1 = R/Z 
generated by the rotation 

Rq{x) = x + 6 mod 1, x G S 1 . 

Elements of the algebra C^°(G^) are determined by matrices a(i,j), where 
the indices are arbitrary pairs of elements i and j of T, lying on the 
same leaf of that is, on the same orbit of the Z-action Rg. Since in this 
case the leafwise equivalence relation on the transversal is given by a free 
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group action, the algebra G*(G^) = Ag coincides with the crossed product 
CIS 1 ) x Z of the algebra C(S 1 ) by the group Z with respect to the Z-action 
Rg on C(S 1 ). Therefore (cf. Example 13, 18|) . every element of Ag is given by 
a power series 

a = ^2a n U n , a n ^C(S l ), 

ngZ 

the multiplication is given by 

(aU n )(bU rn ) = a(boRj)U n+m 

and the involution by 

(aU n )* = aU' n . 

The algebra C(S 1 ) is generated by the function V on S 1 defined as 

V{x) = e 27rix , xeS 1 . 

Hence, the algebra Ag is generated by two elements U and V, satisfying the 
relation 

VU = XUV, A = e 2wie . 
Thus, for example, a general element of C^°(G^) can be represented as a 
power series 

a= Yl a nmU U V m , 
(n,m)€Z 2 

where a nm £ 5(Z 2 ) is a rapidly decreasing sequence (that is, for any natural 
k we have sup( njm ) gZ 2 (|n| + |m|) fc |a nm | < oo). 

Since, in the commutative case (6 = 0), the above description defines the 
algebra of smooth functions on the two-dimensional torus, the algebra Ag is 
called the algebra of continuous functions on a noncommutative torus To, 
C~(G£) = G°°(T 2 ), Ag = C(T 2 ). The algebra Ag was introduced in the 
paper |158j (see also 35 ) and has found many applications in mathematics 
and physics (cf., for instance, a survey |112j ). 

The C*-algebra C*(G) of the linear foliation on T 2 is strongly Morita 
equivalent to Ag (cf. Example I4.9j) . 

An important property of the groupoid associated with a complete 
transversal T is that it is an etale groupoid (cf. 59 ). 

Definition 4.11. A smooth groupoid G is called etale, if its source map 
s : G -> G(°) is a local diffeomorphism. 

One can introduce an equivalence relation for groupoids, similar to the 
strong Morita equivalence relation for G*-algebras |92[ 1140] (cf. also |59j ) . 
Informally speaking, two groupoids are equivalent, if they have the same 
orbit spaces and, therefore, the same transverse geometry. It is proved in 
|140| that, if groupoids G and H are equivalent, then its reduced G*-algebras 
are strongly Morita equivalent. 

By |59j , a smooth groupoid is equivalent to an etale one if and only if all its 
isotropy groups G% are discrete. In the latter case, such a groupoid is called 
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a foliation groupoid. Examples of groupoids with these property are given 
by the holonomy groupoid G(M, T) and the fundamental groupoid II(M, T) 
of a foliation (M, T\ The holonomy map defines a groupoid morphism 

hoi : Il(M,f) -» G(M,F), 

which is identical on G^ = M (a morphism over M). 

Any foliation groupoid G defines a foliation JF on G^ ) = M. G is said 
to be an integration of T . The next theorem provides a precise formulation 
of a well-known principle, which says that the holonomy groupoid G(M,J : ) 
and the fundamental groupoid II(M, .F) of a foliation (M, .F) are extreme 
examples of groupoids, integrating T . 

A groupoid G is said to be s-connected, if its s-fibers G x are connected. 

Theorem 4.12. 59 Let{M,J : ) be a foliated manifold. For any s- connected 
groupoid G, integrating T , there is a natural representation of the holonomy 
morphism hoi as the composition of morphisms he, hole over M 

hoi : IL(M,F) J^G^ G{M,F). 

The maps he and hole are surjective local diffeomorphisms. Finally, G is 
s-simply connected (i.e. has simply connected s-fibers G x ) if and only if the 
morphism he is an isomorphism. 



5. NONCOMMUTATIVE DIFFERENTIAL TOPOLOGY 

5.1. Cyclic cohomology. In this Section, we give the definition of the 
cyclic cohomology, playing the role of a noncommutative analogue of the de 
Rham homology of topological spaces (concerning to cyclic cohomology, see 
the books |25 [ l42 [n.()9[ll2Hj and the bibliography therein). In the commuta- 
tive case, the definition of the de Rham cohomology requires an additional 
structure on a topological space in question, for instance, the structure of 
a smooth manifold. In the noncommutative case, this shows up in the fact 
that cyclic cocycles are usually defined not on the C*-algebra, an analogue of 
the algebra of continuous functions on the corresponding geometrical object, 
but on some subalgebra, consisting of "smooth" functions. We postpone the 
consideration of a noncommutative analogue of the notion of the algebra of 
smooth functions on a smooth manifold, the notion of smooth algebra, till 
the next Section, and now we turn to the definition of the cyclic cohomology 
for an arbitrary algebra. 

Let A be an algebra over C. Consider the complex (C*(A,A*), b), where: 

• C k (A, A*) is the space of (k + l)-linear forms on A, k G N; 

• For ip G C k (A,A*), its coboundary bip G C fc+1 (.A,.A*) is given by 

b^(a ,--- ,a fc+1 )=^(-l)^(a ,--- ,aV +1 ,-- - ,a fc+1 ) 

+ (-l) fc+ V(a fc+1 a°, • • • , a k ), a , a 1 ,..., a k+1 G A. 
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The cohomology of this complex is called the Hochschild cohomology of the 
algebra A with coefficients in the bimodule A* and are denoted by HH(A). 

Let C k (A) be the subspace of C k (A,A*), which consists of all ip £ 
C k (A,A*), satisfying the cyclicity condition 

(5.1) ,a k ,a°) = (-l) fe ^(a , a 1 , ■ • • ,a k ), a°,a\ . . . ,a k £ A. 

The differential b takes C k (A) to C k+1 (A), and the cyclic cohomology 
HC*(A) of the algebra A is defined as the cohomology of the complex 
(C* x (A),b). 

Example 5.1. For k = 0, HC°(A) is the linear space of all trace functional 
on A. By this reason, cyclic /c-cocycles on A are called /c-traces on A (for 
k > 0, higher traces). 

Example 5.2. For A = C, HC n (C) = 0, if n is odd, and HC n (C) = C, if 
n is even. A nontrivial cocycle G C^(C) is given by 

0(a°, a 1 , • • • , a n ) = aV • • • a", a , a 1 , • • • , a n £ C. 

Equivalently, the cyclic cohomology can be described, using a (6, .B)- 
bicomplex. Define an operator B : C k (A,A*) — > C fe_1 (.A, .A*) as 

5 = AB , 
where, for any a , a 1 , ... , a fc_1 G .A, 

fe-i 

A^(a°, • • • , a*" 1 ) = ^(-l)^- 1 )^^, a J+1 . . . , a*" 1 , a , a 1 , . . . , a^ 1 ), 
i=o 

BoV(a°, • • • , a"" 1 ) = m a ,..., a*" 1 ) - (-l)^(a°, a k ~\ 1). 

One has that B 2 = 0, bB = -Bb. 

Consider the following double complex: 

C n,m = C n-m^ n,m £ 7j, 

with the differentials di : C"' m -► C n+1 > m and cfe : C n ' m -► C n - m+1 given by 

diV = (n - m + 1)6^, tfc^ = — !— 5^, V G C'"'" 1 - 

n — m 

For any geN, consider the complex (F q C, d), where 

(F«C) P = C n ' m , p£N, d = di + d 2 . 

m><;r, 
n+m=p 

Then one has an isomorphism 

HC n (A) = H p (F q C), n=p-2q. 

More precisely, this isomorphism associates to any tp £ HC n (A) a cocycle 
(f> £ H p {F q C) for some p and q with n = p — 2q, which has the only nonzero 
component 

4m, = (-1) [B/! V 
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In particular, any cocycle in the complex F q C is cohomologic to a cocycle 
of the form described above. 

One can also the periodic cyclic cohomology HP ev (A) and HP odd (A) by 
taking the inductive limit of the groups HC k (A), k > 0, with respect to the 
periodicity operator S : HC k (A) -> HC k+2 (A) given as the cup product 
with the generator in HC 2 (C). In terms of the (6, -B)-bicomplex, the periodic 
cyclic cohomology is described as the cohomology of the complex 

C ev (.4) C odd {A) ^5 C CV (A), 

where 

C ev /° dd (A) = C k (A). 

k even/odd 

Example 5.3. Let A be the algebra C°°(M) of smooth functions on an 
n-dimensional compact manifold M and let T>k(M) denote the space of 
/c-dimensional de Rham currents on M. Any C G X\.(M) determines a 
Hochschild cochain on C°°(M) as 

(5.2) i> c (f ,f 1 ,...,f k ) = (CJ°df 1 A...Adf k ), f°,f l ,...J k eC°°(M). 

This cochain satisfies the condition Bi\)q = ktp^c, where is the de Rham 
boundary for currents. Thus, the map 

(5-3) V ev/odd (M) BC = (C k ) ^^c = (^cj G C^ odd (C°°(M)) 

induces a homomorphism from the de Rham homology groups 
to the cyclic periodic cohomology groups HP cv /° dd {C°°{M)). This homo- 
morphism is an isomorphism, if we restrict ourselves by the cohomology of 
continuous cyclic cochains |42j . 

Example 5.4. Another important example of cyclic cocycles is given by 
normalized cocycles on a discrete group T. Recall (cf, for instance, [82] ) 
that a (homogeneous) /c-cocycle on V is a map h : T k+1 — > C, satisfying the 
identities 

^(770, • • • , 77fc) = Hlo, Ik), 1, 7o, • • • , Ik S T; 

fc+i 

^(-l) l /i(7o,. . . ,7i_i,7i+i, • • • ,7fc+l) = ° 5 7o, • • • ,7fc+i 6 r - 
i=0 

One can associate to any homogeneous /c-cocycle h a (nonhomogeneous) 
fe-cocycle c S Z k (T,<C) by the formula 

c(7i, • ■• ,7k) = M e ,7i,7i72, • • • ,7i • ■ -7fc)- 
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It can be easily checked that c satisfies the following condition 

fc-l 

c(7i, 72, • • • , Ik) + 5Z( -1 ) i+lc (^ ' • • ' ' 7i-l> 7t7i+l>7i+2, ■■■,1k) 
i=0 

+ (-l) fc+1 c( 7 o,7i,---,7A ; -i) = 0. 

A cocycle c € Z k (T,C) is said to be normalized (in the sense of Connes), 
if 0(71,72, . . . , 7fc) equals zero in the case when, either ji = e for some i, or 
7i . . . 7^ = e. 

The group ring CT consists of all functions / : T — > C with finite support. 
The multiplication in Cr is given by the convolution operation 

h*h{i)= ^2 /i (70/2(72), 7^ r - 

7172=7 

A normalized cocycle c G Z k (T, C) determines a cyclic fc-cocycle r c on Cr 
by the formula 

r c (fo, ■ ■ ■ , fk) = /o(7o)---/fc(7ft)c(7i)--->7ft)» 

70..-7fc=e 

where fj G Cr for j = 0, 1, . . . k. 

In the commutative case, the iT-theory and the cohomology of a compact 
topological space M are related by the Chern character 

ch : K*{M) -> H*(M,R), 

which provides an isomorphism K*{M) <g> Q — ► H*(M,Q) (cf., for instance, 

nsi). 

If M is a smooth manifold, then there is an explicit construction of the 
Chern character (the Chern- Weil construction, cf., for instance, |131[ IllJ] ). 
that makes use of differential forms, currents, connections and curvature. 
More precisely, if E is a smooth vector bundle on M, then the Chern char- 
acter ch(£0 6 H ev (M,R) of the corresponding class [E] in K°{M) is repre- 
sented by the closed differential form 

ch(E) = Tr exp 

for any connection V : C°°(M, E) — > C°°(M, E (g> T*X) in the bundle E. In 
the odd case (see if U € C°°(M, U N (C)), then the Chern character 

ch([7) G # odd (M, R) of the corresponding class [£/] in K 1 (M) is given by 
the cohomology class of the differential form 

+°° u 
ch(U) = {U- l dUf k+ \ 

Any closed de Rham current C £ 2\.(M) defines, for an even k, a map 
(j)c : K°(M) -> C by the formula 

(5.4) (0 Oj £) = <C, BG^(M), 
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and, for an odd k. a map 4> c : K l (M) -> C by the formula 

(5.5) ([(f> c ],[U]} = ^=(C,ch(U)}, UeC°°(M,U N (C)). 

The noncommutative analogue of the Chern-Weil construction consists in 
the construction of a pairing between HC*{A) and K*(A) for an arbitrary 
algebra A, generalizing the maps (|5.4|) and (|5.5|) . 

The pairing between HC ev (A) and Kq{A) is defined as follows. For any 
cocycle ip = (ip2k) m C ev (A) and for any projection e in M q (A) put 

(5.6) (M, [e]> = £(-l)*ffl> 2fc #Tr (e - I, e, • • • , e), 

fc>0 

where <^2fc#Tr is the (2/c + l)-linear map on M g (.A) = M g (C) <S> *4, given by 



(5.7) ^ 2fc #Tr ® a , • • • , /x 2fe ® a 2fe ) = Tr . . . /x 2fe Wa°, • • • , a 2k ), 

for any fjP G M q (C) and G A. 

The pairing between HC odd (A) and Ki (.4) is given by 
(5.8) 

([<P], [U]) = -^= ^(-l) fc A:!^ +1 #Tr (C/" 1 - 1, C/- 1, • • • , U' 1 - 1, U- 1), 

where ip = (v?2fc+i) G C odd (^l) and U is a unitary matrix in GL g (A). 

Now consider a p-summable Fredholm module (-ff , F) over an algebra 
.A. The index maps (|4.2[) and (|4.3|l are computed in terms of the pairing 
of K*(A) with some cyclic cohomology class r = ch*(il, F) G HC n (A), 
called the Chern character of the Fredholm module (H,F). First of all, 
any Fredholm module can be replaced by an equivalent one, where one has 
F 2 = 1. Under this condition, in the odd case, r is given by 

(5.9) T(a°,a 1 ,...,a n ) = X n tT(a°[F,a 1 ]...[F,a n }), a , a 1 , ... ,a n £ A, 

where n is odd, n > p, X n are some constants, depending only on n. 
In the even case, r is given by 

(5.10) r(o°, a 1 , . . . , a n ) = A n tr ( 7 a°[F, a 1 }... [F, a"]), a° , a 1 , . . . , a n £ A, 

where n is even, n > p, 7 is the Z2-grading in the space H, X n are some 
constants, depending only on n. 

5.2. Smooth algebras. In this Section, we give general facts about smooth 
subalgebras of C*-algebras, being noncommutative analogues of the algebra 
of smooth functions on a smooth manifold. Suppose that A is a C*-algebra 
and A + is the algebra obtained by adjoining the unit to A. Suppose that 
A is a *-subalgebra of the algebra A and A + is the algebra obtained by 
adjoining the unit to A 

Definition 5.5. We say that A is a smooth subalgebra of the algebra A, if 
the following conditions hold: 
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(1) A is a dense *-subalgebra of the C*-algebra A; 

(2) A is stable under the holomorphic functional calculus, that is, for 
any a S A + and for any function /, holomorphic in a neighborhood 
of the spectrum of a (considered as an element of the algebra A + ) 
f(a) 6 A+. 

Suppose that A is a dense *-subalgebra of the algebra A, endowed with 
the structure of a Frechet algebra whose topology is finer than the topology 
induced by the topology of A. A necessary and sufficient condition for 2lo to 
be a smooth subalgebra is given by the spectral invariance (cf. |166l Lemma 
1.2]): 

• A + n GL{A+) = GL(A + ), where GL(A + ) and GL(A+) denote the 
group of invertibles in A + and A + respectively. 

This fact remains true in the case when A is a locally multiplicatively 
convex (i.e its topology is given by a countable family of submultiplicative 
seminorms) Frechet algebra such that the group GL(A) of invertibles is open 
[1661 Lemma 1.2]. 

One of the most important properties of smooth subalgebras consists in 
the following fact — an analogue of smoothing in the operator .fT-theory (cf. 
[HI Sect. VI.3], HU). 

Theorem 5.6. If A is a smooth subalgebra in a C* -algebra A, then inclusion 
A A induces an isomorphism in K -theory K(A) = K{A). 

For any p-summable Fredholm module (H, F) over an algebra A, the al- 
gebra, which consists of all operators T in the uniform closure A of A in 
C(H), satisfying the condition [F, T] 6 £, P (TC), is a smooth subalgebra of the 
C*-algebra A. Similarly, every spectral triple (A,TC,D) — a noncommuta- 
tive analogue of the Riemannian structure (cf. Section r6.2|) defines a smooth 
subalgebra of the C*-algebra A (see Section l87ljl . However, in many cases 
the construction of an appropriate smooth algebra is nontrivial and makes 
use of specific properties of the problem in question. 

5.3. Transverse differential. Let {M } T) be a foliated manifold, H an ar- 
bitrary distribution on M, transverse to F = TJ-. In this Section, following 
the exposition of 42, 165 , we define the transverse differentiation, which is 
a linear map 

d H :n° 00 = C C °°(G, |T£? I 1 / 2 ) -> 14 = C™{G,r*N*T®\Tg\ 1 / 2 ), 
satisfying the condition 

d H (h * k 2 ) = d H ki *k 2 + h* d H k 2 , h,k 2 e C C °°(G, \TQ\ 112 ). 

The differentiation dn depends on the choice of a horizontal distribution H. 

For any / £ C C °°(G), define d H f £ C™{G,r*N*T) by 

d H f(X) = df(X), X£(r*T)^H y , j:x^y, 
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where X G H^G C T 7 G is a unique vector such that ds(X) = dh^ (X) and 
dr(X) = X. 

For an arbitrary smooth leafwise density A E Cf(M,\T!F\) define a 1- 
form fe(A) E C°°(M,H*) =i C <x {M,N*J r ) as follows. Take an arbitrary 
point m G M. In a foliated chart : U — > / p x I q defined in a neighborhood 
of m (4>{m) = (x°,y )), A can be written as A = f(x, y)\dx\, [x, y) G P x J 9 . 
Then 

p 

fc(A) = d#/ + C_a_d H Xi, 
* — • Ox, 

i=l 

where, for any X = Z)f=i^ 1 ^ e ^(.F) and for any to = Ylj=i w i dyj G 
C°°(M,H*), the Lie derivative £ x w G C°°{M,H*) is given by 

i=l j=l 1 

One can give a slightly different description of fc(A). For any X G -ff m , let 
X be an arbitrary projectable vector field, that coincides with X at m: 

i=l j=l J 

Put 

MA)(X) = X:^(x , y )^(x ,y ) + f:^( y )|^(x , y ) 
i=l Xj j=l Xj ' 

It can be checked that this definition is independent of the choice of a foliated 
chart (ft : U ^ I p x I q and an extension X. 

If M is Riemannian, A is given by the induced leafwise Riemannian volume 
form and H = F- 1 -, then fc(A) coincides with the mean curvature 1-form of 
T (cf., for instance, |177j l. 

In Section \'2.7\ we have defined the transversal de Rham differential dn, 
acting from Cf \M , f\ j N* T) to Cf{M,f\ j+1 N*T). The transverse dis- 
tribution H naturally defines a transverse distribution HG = r*H on the 
foliated manifold (G,Q) (cf. Section [3. 1)1 and the corresponding transversal 
de Rham differential d H : C C °°(G) -» C C °°(G, r*X*J^) (see (Zip )- 

An arbitrary leafwise half-density p G C°°(M, (TJ"! 1 / 2 ) can be written 
as p = flX] 1 / 2 with / G C°°(M) and A G C°°(M,\TF\). Then d H p G 
Cf(M,N*F® ITJ^I 1 / 2 ) is defined as 

^P=(^/)|A| 1 / 2 + i/|A| 1 /2 fc (A). 
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Any / G C^°(G,\TQ\ 1 ^ 2 ) can be written as / = us*(p)r*(p), where u G 
C C °°(G) and p G C C °°(M, (T^l 1 / 2 ). The element tfo/ G C C °°(G, r*iV*^ 
ir^l 1 ^) i s defined as 

duf = d H us* (p)r* (p) + us*(d H p)r*(p) + us*{p)r*(d H p). 

Finally, the operator dn has a unique extension to a differentiation of the 
differential graded algebra = C C °°(G, r* A N* F^Tg^/ 2 ). By definition, 
for any / G C C °°(G, jT^ 1 / 2 ) and u G C C °°(M, A N*F), one has that 

d H (/r*u>) = {d H f)r*uJ + fr*{d H u). 

5.4. Transverse fundamental class of a foliation. In this Section, we 
describe, following |HH1 (cf. also [12]), the simplest construction of a cyclic 
cocycle on the algebra C£°(G, {TQl 1 / 2 ) associated with a foliated manifold, 
and, namely, the construction of the transverse fundamental class. 

There is a general construction of cyclic cocycles on an arbitrary algebra 
due to Connes j^Hl- Let us call by a cycle of dimension n a triple (Q,d,f), 
where Q = ©™ = o^ J is a graded algebra over C, d : f2 — ► SI is a graded 
differentiation of degree 1 such that d 2 = 0, and J : J7 n — > C is a graded 
trace. Thus, the maps d and J* satisfy the following conditions: 

(1) d(ujuj') = duj-uj' + (-l)Mw • du'; 

(2) d 2 = 0; 

(3) / utowi = / w aW2 ; 

(4) j du> = for w G n ft_1 . 

Let ^4 be an algebra over C. A cycle over the algebra A is a cycle (fi, d, J) 
along with a homomorphism p : A — ► 

For any cycle (vl -A f2, d, J) over A, one can define its character as 

r(a°, a\...,a n ) = J p{cP)d{p{a 1 )) . . . d(p(a n )). 

One can easily check that r is a cyclic cocycle on A. Moreover, any cyclic 
cocycle is the character of some cycle. 

Now let (M, F) be a manifold equipped with a transversally oriented folia- 
tion, H an arbitrary distribution on M , transverse to F = TF. Consider the 
differential graded algebra (ftoo = Cf(G,r* j\N*F ®\TQ\ x l 2 ),d H ). There 
is a closed graded trace r on (flocdn) defined by 

t(u) = u\ M , 

JM 

where uj G f2§o = C c °°(G,r* f\ q N*F ® IT^ 1 / 2 ). Here w| M denotes the 
restriction of u> to M. This is a section of the bundle /\ q N*F ® \TF\ on 
M, and its integral over M is well-defined, using the transverse orientation 
of the foliation. 

A problem is that, since H is not integrable, it is not true, in general, that 
d 2 H = 0. Using (|2.5|) and calculating the (0, 2)-component in the operator 
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d 2 , we get 



d 2 H = -(d F e + 6d F ). 
The operator — + 9dp) is a tangential differential operator. Therefore, 
it can be written as R/\ T *M{k) (cf. Q)), where fc G C C °°(G, £(/\ T*M)) 
is given by the exterior product with a vector-valued distribution £ 
r* A 2 A r *-? r ® IT^I 1 / 2 ) supported in G^. One can show that 

d^a; = 0Aw-wA6, u; G J7<x>- 

Moreover, d# O = 0. 

Since the action of d 2 H is given by the commutator with some 2-form, one 
can canonically construct a new differential graded algebra (fJooi^/f) with 
d 2 H = Q (see (HHlliSj). The algebra (l^ consists of 2 x 2-matrices oj = {oJij} 
with elements from Qoq. An element oj E Ooo has degree A;, if wu G fi^,, 
wi2 ; W2i G f^^" 1 and W22 G ^^" 2 - The product in is given by 



UJ ■ id' 



U21 



U12 
^22 





e 



the differential by 
dnoj 

and the closed graded trace f 



d H uu 


d H io 12 




"0 -G" 


-d H u 2 i 


—dnUJ22_ 


+ 


1 



+ (-1) 



I-' I 



-G 



ton 
0J21 



U12 
W22 



£l%o — ► C is defined as 
= r(wu) - (-l)V(o; 22 G) 
Finally, the homomorphism p : C£°(G, \TQ\ l l 2 

p(k) = 



is given by 



One can check that the triple (Ooo,dzj,f) is a cycle over C^°(G, iTC/j 1 / 2 ). 
This cycle is called the fundamental cycle of the transversally oriented fo- 
liation (M, J-). The character of this cycle defines a cyclic cocycle 4>h on 
G^(G,\TQ\ 1 / 2 ). The cocycle 4>h depends on the auxiliary choice of H, 
but the corresponding class in the cyclic cohomology is independent of this 
choice. The class [M/T] G HC q (C™(G, \Tg\ l l 2 )) defined by the cocycle <j> H 
is called the transverse fundamental class of the foliation (M, J 7 ). 

Let C c °°(G,|rg| 1 / 2 )+ denote the algebra C C °°(G, IT^ 1 / 2 ) with the ad- 
joined unit. For an even q, let us extend the cycle (f^oo, <i#, f ) to a cycle 
over C C °°(G, |Tg| 1 / 2 )+, putting f(Q"/ 2 ) = 0. In 76_, a formula for a co- 
cycle in the (6, -B)-bicomplex of the algebra C^°(G,\TQ\ 1 ^ 2 ) + , which gives 
the transverse fundamental class of the foliation (M, J 7 ), is obtained: the 
formula 



k' 



(-1) 



1)H 



E 



fc° &°d H k x ...d H k r Q l 



k) + ...+ir- 



M 
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where r = q, q - 2, . . ., k° £ C C °°(G, |TC| 1/2 ) + , k\...,k r £ C C °°(G, IT^ 1 / 2 ), 
defines a cocycle in the (6, S)-bicomplex of the aigebra C£°(G, \TQ\ l l 2 ) + . 
The class defined by X m HC q {C™(G, \TG\ 1 / 2 )) coincides with \MjT\. 

The pairing with \MjT\ £ HC q (Cf(G, \TQ\ X I 2 )) defines an additive map 
K(C™{G,\Tg\ 1 / 2 )) -> C — "integration over the transverse fundamental 
class" . An important problem is the question of topological invariance of this 
map, that is, the question of the possibility to extend it to an additive map 
from K{C*{G)) to C. A standard method of solving this problem consists 
in constructing a smooth subalgebra B in C*(G), which contains the algebra 
C C °°(G, |Tg| 1 /2) ; suc h that the cyclic cocycle 4> u on C™(G, \TQ^I 2 ), which 
defines the transverse fundamental class [M/J 7 ], extends by continuity to a 
cyclic cocycle on B and defines, in that way, a map K (B) = K(C*(G)) — ► 
C. One managed to do this for so called para-Riemannian foliations (cf. 
Section 16. 3|) . An example of a para-Riemannian foliation is given by the lift 
of J 7 to a foliation V in the total space P of the fibration tt : P — > M , whose 
fiber P x at x £ M is the space of all Euclidean metrics on the vector space 
t~x = TxM/TxJ 7 . Thus, one can define a map K(C*(P,V)) — ► C. Since 
the leaves of the fibration P are connected spin manifolds of nonpositive 
curvature, one can construct an injective map K(C*(G)) — ► K(C*(P, V)), 
that allows to prove the existence of the map K(C*(G)) — ► C, given by the 
transverse fundamental class, for an arbitrary foliation. 

For geometrical consequences of this construction, see [SB]- 

5.5. Cyclic cocycle defined by the Godbillon-Vey class. Consider a 
smooth compact manifold M equipped with a transversally oriented codi- 
mension one foliation T . The Godbillon-Vey class is a 3-dimensional coho- 
mology class GV £ H 3 (M, R). It is the simplest example of secondary char- 
acteristic classes of the foliation. Recall its definition. Since T is transver- 
sally oriented, it is globally defined by a non-vanishing smooth 1-form uj 
(that is, for any x £ M, we have keru; x = T X T). It follows from the Frobe- 
nius theorem that there exists a 1-form a on M such that dtu = a Auj. One 
can check that the 3-form a A da is closed, and its cohomology class does 
not depend on the choice uj and a. This class GV £ H 3 (M, R) is called the 
Godbillon-Vey class of T . 

Let T be a complete smooth transversal given by a good cover of M by 
regular foliated charts. Thus, T is an oriented one-dimensional manifold. In 
this Section, we construct a cyclic cocycle on the algebra C^°(Gy), corre- 
sponding to the Godbillon-Vey class. This is done in several steps. To start 
with, we recall the construction of the Godbillon-Vey class as a secondary 
characteristic class associated with the cohomology H*(W\,M.) of the Lie 
algebra W\ = M.[[x]]d x of formal vector field on R. 

Recall (cf., for instance, [H2| I7()|). that the cohomology of a Lie algebra g 
are defined as the cohomology of the complex (C*(g),d), where: 

• C q (Q) is the space of (continuous) skew-symmetric g-linear functionals 
on g; 



51 



YURI A. KORDYUKOV 



for any c G C q (g), the cochain dc G C 9+1 (g) is defined by 



dc(g 



i, 



E ( 

l<«<i<9+l 



9i,---,9i 



<9j, 



>9q+lj 



91, 



,9q+l G 0. 



For cochains on Wi, the continuity means the dependence only on finite 
order jets of its arguments. The cohomology H*(W\,M.) were computed by 
Gelfand and Fuchs (see, for instance, the book jTOJ and references therein). 
They are finite-dimensional and the only nontrivial groups are H°(Wi,M) = 
R • 1 and ff 3 (Wi,R) = R • gv, where 



gv(pid x ,p 2 d x ,p 3 d x ) 



Pi(0) P2(0) p 3 (0) 
K(0) p' 2 (0) p£(0) 

rf(o) rf(o) pg(o) 



Pl,P2,P3 G R[[x]]. 



Consider the bundle i^T — ► T of positively oriented frames of order k on 
T and the bundle F^°T = limi^T of positively oriented frames of infinite 

order on T. By definition, a positively oriented frame r of order k at x G T 
is the fc-jet at G R of an orientation preserving diffeomorphism /, which 
maps a neighborhood of in R on some neighborhood of x = /(0) in T. If 
y : [/ — > R is a local coordinate on T, defined in a neighborhood £/ of x, 
then the numbers 



2/0 = y(z), yi 



d(F/) 



(o), . . . ,yk 



d k (yof) 



(0), 



dt dt fc 

are coordinates of the frame r, and, moreover, yi > 0. 

There is defined a natural action of the pseudogroup T + (T) of orienta- 
tion preserving local diffeomorphisms of T on F^°T. Let Q* (F^°T) r ( T ' 
denote the space of differential forms on F^°T, invariant under the ac- 
tion of r + (T). There is a natural isomorphism of differential algebras 
J : C*(Wi) -> T) r+ ( T ) defined in the following way. First of all, 

let v G VFi , and let ht be any one-parameter group of local diffeomorphisms 

of R such that v is the oo-iet of the vector field „. Then define a 

J dt \t=0 

r + (T)-invariant vector field on F?°T, whose value at r = jof G J^°(T) is 
given by v(r) = j ( d(/ d ° fet) 



t=o 



For any c G C"?(Wi), put 

J(c)(vi(r), . . . ,u 9 (r)) = c(vx,. . .,v q ). 

One can check that this isomorphism takes the cocycle gv G C 3 (Wi,l 
the three-form 



to 



gv 



\dyAd yi Ady 2 en 3 (FlTf +( - T \ 
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Consider the bundle F co {M/J r ) on M, which consists of infinite order jets 
of distinguished maps. There is a natural map F°°(M/J r ) -> F^T/T + (T). 
Using this map and r + (T)-invariance of gv 6 £l 3 (F 2 T), one can pull back 
gv to a closed form gv{J-) 6 r2 3 (i ? °°(M/J r )). Since the fibers of the fibration 
F 2 {MjT) -> M are contractible, fl" 3 (i* 100 {M/T) , M) ^ if 3 (M,M), and the 
cohomology class in H 3 (M, R), corresponding under this isomorphism to the 
cohomology class of gv^J 7 ) in H 3 (F°° (M / J 7 ) , R), coincides with the God- 
billion- Vey class of JT. 

To construct the cyclic cocycle on C£°(G^), corresponding to the God- 
billion- Vey class, one uses a Van Est type theorem (cf. This theorem 
states the existence of an embedding 

(5.11) Q*(F™T) r+ ^ C*(G%, 

where C*(G£, fi*(G£)) denotes the space of cochains on the groupoid Gip 
with values in the space £l*(Gj>) of differential forms on G^, which is a 
homomorphism of complexes, inducing an isomorphism in the cohomology. 

Let us describe the cocycle from C*(G^, fT(G^)), corresponding to the 
form gv £ J7 3 (i ? |.T) r+ ( T ) (cf. [HJ)- Let p be an arbitrary smooth positive 
density on T. Define a homomorphism 5 : G^ — ► called the modular 
homomorphism, setting 

dh 7 (p x ) 

where the map dh~ : \t x \ — > |"r y | is induced by the linear holonomy map, and 
also a homomorphism £ = log 5 : — > R. 
The formula 

c(7l,72) =^(72)^(71) -^(71)^(72), 71,72 S G£, 

defines a 2-cocycle on with values in the space of 1-forms on Gj>. This co- 
cycle, called the Bott-Thurston cocycle, corresponds to gv 6 r2 3 (i^T) r+ ( T ) 
under the isomorphism given by the embedding (|5.11|) . 

Finally, the Bott-Thurston cocycle c defines a cyclic 2-cocycle ip on C^°(G^) 
by the formula (cf. Example 15. 4|) : 

i>(k ,k\k 2 )= [ ^(70)^(71)^(72)0(71,72), ^VU 2 eC(4 

J 7071 72 6T 

This is the cyclic cocycle, corresponding to the Godbillon-Vey class of T . 

There is another description of cyclic cocycle, corresponding to the God- 
billion- Vey class of which relates it with invariants of the von Neumann 
algebra of this foliation [3H] • The following formula defines a cyclic 1-cocycle 
on £-(£?): 

r(fe°,/fc 1 )= [ k°h- l )dk l (-f), k^k 1 eC c °°(G?). 
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The isomorphism HC l {C^{G^)) HC 1 (C^°(G)), defined by the strong 
Morita equivalence (cf . Example I4.9|) , associates the class of r in the group 
HC 1 (C^°(GJp)) to the transverse fundamental class of the foliation (M, J 7 ) 
in HC l (C™(G)). 

The fixed smooth positive density p on T defines a faithful normal semi- 
finite weight 4> p on the von Neumann algebra W*(G^) of the groupoid G^. 
For any k G C^°(G^), the value of the weight <ft p is given by 

<t>p(k) = j^k(x)p(x). 

Consider the one-parameter group at of automorphisms of the von Neumann 
algebra W*(G^) given by 

<7 t (fc)(7) = 5( 7 ) <t %) J fcGC c °°(G?), tel. 

This group is the group of modular automorphisms, associated with the 
weight, by the Tomita-Takesaki theory |173j . 

The importance of the group of modular automorphisms is explained, 
in particular, by the following its characterization |173j : a one-parameter 
group of *-automorphisms at of a von Neumann algebra M is the group of 
modular automorphisms, associated with a weight u), if and only if tu satisfies 
the Kubo-Martin-Schwinger condition with respect to at, that is, there is 
an analytic in the strip Imz G (0, 1) and continuous in its closure function 
/ such that, for any a, b G M, t£l, 

f(t) = u(a t (a)b), f(t + i)= iu(ba t (a)). 

Following Connes |3B]) we call by a 1-trace on a Banach algebra B a 
bilinear functional (ft, defined on a dense subalgebra A C B, such that 

(1) (ft is a cyclic cocycle on A; 

(2) for any a 1 G A, there is a constant C > such that 

|0(cx°, a 1 )! < C\\a°\\, a°eA, 

and a 2-trace on B a trilinear functional (ft, defined on a dense subalgebra 
A C B, such that 

(1) (ft is a cyclic cocycle on .4; 

(2) for any a 1 , a 2 G .4, there is a constant C > such that 
l^.oV.o 2 )-^ " 1 ,! 1 ^ 2 )! < CHo, 1 1| ||a 2 ||, x ^ 1 G A. 

The formula 

fik^k 1 ) = limi (rMfc ),^ 1 )) -r^ ,^ 1 )) , fc ,^ G C C °°(G?) 

defines a 1-trace on C*(G^) with the domain C^°(G^), invariant under the 
action of the automorphism group at- 

For any 1-trace (ft on C*-algebra A, invariant under an action of an one- 
parameter automorphism group at with the generator D, such that the space 
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dom 4> n dom D is dense in A, a 2-trace % = id4> on C*(Gj<) (an analogue of 
the contraction) is denned by 

x{aP,a}-,a 2 ) = <f>(D(a 2 )a°,a 1 )-<f>(a D(a 1 ),a 2 ), a , a 1 , a 2 e dom^ndomD. 

Theorem 5.7. Let (M,J-) be a manifold with a transversally oriented codi- 
mension one foliation, T a complete smooth transversal, p a smooth positive 
density on T. Then the cyclic cocycle ip G HC 2 (C^ c (Gj<)), corresponding to 
the Godbillon-Vey class of J 7 , coincides with inf. 

As a consequence of this statement, Connes obtained the following ge- 
ometrical fact. First, recall that one can naturally associate to any von 
Neumann algebra M an action of the multiplicative group R+ (called the 
flow of weights jSB]) on some commutative von Neumann algebra, the center 
of the crossed product M x R of M by R relative to the action of R on M 
given by the modular automorphism group at- 

Theorem 5.8. [38] Let (M,J-) be a manifold with a transversally oriented 
codimension one foliation. If the Godbillon-Vey class GV G H 3 (M, R) dif- 
fers from zero, then the flow of weights of the von Neumann algebra of the 
foliation J- has a finite invariant measure. 

In particular, this implies the following, previous result. 

Theorem 5.9. [103] Let (M,J-) be a manifold with a transversally oriented 
codimension one foliation. If the Godbillon-Vey class GV £ H (M, R) dif- 
fers from zero, then the von Neumann algebra of the foliation T has the non 
trivial type III component. 

In [138[ 1139"] . one gives another construction of the cyclic cocycle, asso- 
ciated with the Godbillon-Vey class, as a cyclic cocycle on the C*-algebra 
of foliation C*(G), in the case of a foliated S^-bundle, that is, when the 
foliation T is constructed, using the suspension construction for a homo- 
morphism <f> : T = tt\{B) — > Diff(S' 1 ). 

5.6. General constructions of cyclic cocycles. The secondary charac- 
teristic classes of foliations are given by the characteristic homomorphism 

da eh inni 

XT : H*(W q] 0(q)) ^ H*(M,R). 
defined for any codimension q foliation T on a smooth manifold M, where 
H*(W q ;0(q)) denotes the relative cohomology of the Lie algebra W q of 
formal vector fields in R 9 . A basic property of the secondary characteristic 
classes consists in their functoriality: if a smooth map / : N — > M is 
transverse to a transversely oriented foliation T and f*T is the foliation 
on N induced by / (by definition, the leaves of f*J- are the connected 
components of the pre-images of the leaves of T under the map /), then 

riXFi*)) = XfA<*), « G H*(W q ; O(q)). 
The classifying space BT q of the groupoid T q classifies codimension q folia- 
tions on a given manifold M in the sense that any foliation T on M defines a 
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map M — > BT q , and, moreover, in the case when M is compact, a homotopy 
class of maps M — > BT q corresponds to a concordance class of foliations on 

m [Em. 

By the functoriality of the characteristic homomorphism, it suffices to 
know it for the universal foliation on BT q , that gives the universal charac- 
teristic homomorphism 

X :H*(W q ;0(q))^H*(BT q ,R). 

For any complete transversal T, the universal characteristic homomorphism 
X is represented as a composition 

X : H*(W q ; O(q)) -> H*(BG%,R) -» H*(BT q , R). 

Since the groupoids G£ and G are equivalent, H*(BG^,R) H*(BG,R), 
that defines a map 

ff*(W 9 ;0(g))->iT(flG,R). 

The relative cohomology i7*(W 9 ; 0(g)) of the Lie algebra W q are calcu- 
lated as follows (cf., for instance, [73]). Consider the complex 

VFOg = A(ui,U 3 , . . .,U m ) ® P(d,C 2 , . . .,Cg) q 

where tti is the largest odd. number, less thciri q -\- 1, A(ii^,ii3, . . . ^Urn 

) de- 
notes the exterior algebra with generators u\,U3, ... ,u m , degUj = 2i — 1, 
P(ci, C2, . . . , c q ) denotes the polynomial algebra with generators c\, c%, . . . , c q , 
deg Ci = 2i and P(c\, C2, • • • , c q ) q denotes the quotient of P(ci, c%, . . . , c q ) by 
the ideal generated by the monomials of degree greater than 2q. The dif- 
ferential in WO q is defined by d(ui £3 1) = 1 <g> Cj, d(l (g> Cj) = 0. There 
is a homomorphism of the complex WO q to the complex C*(W q ;0(q)) of 
relative cochains on the algebra W q , which induces an isomorphism in the 
cohomology H*(WO q ) H*(W q ; 0(q)). 

For any i = 1, 2, . . . , q, the cohomology class [1 <g> Cj] G .ff 2l (WO g ), defined 
by 1 (8> Cj, is mapped by the characteristic homomorphism X T to the i- 
th Pontryagin class pi of the normal bundle r. The Godbillon-Vey class 
Gy G H 3 (M, R) of a codimension one foliation on a compact manifold M is 
the image of [u\ ® ci] € -PT 3 (1^0i) under the characteristic homomorphism 

Connes [421 Section 2 (5, Theorem 14 and Remark b)] constructed a natural 
map 

: H*{BG,R) -» FP*(G c °°(G,|rg| 1 / 2 )) 

for any oriented etale groupoid G. The constructions of the transverse fun- 
damental class of a foliation and of the cyclic cocycle associated with the 
Godbillon-Vey class are special cases of this general construction. 

In , Gorokhovsky generalized the above construction of the cyclic co- 
cycle associated with the Godbillon-Vey class, which uses the group of mod- 
ular automorphisms, to the case of arbitrary secondary characteristic classes. 
This construction makes an essential use of the cyclic cohomology theory for 
Hopf algebras developed in the paper [HJ (cf . Section I8.3JI . 
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For the calculations of the cyclic cohomology of C*-algebras of etale 
groupoids, cf. [22 S2J EZ1 EE! 

5.7. Index of tangentially elliptic operators. In this Section, we briefly 
describe applications of the above methods to the index theory for tangen- 
tially elliptic operators. 

Let D be a tangentially elliptic operator on a compact foliated manifold 
(M,J-). The restrictions of D to the leaves of J- define a family {D^i^m/^i 
where D[ is an elliptic differential operator on a leaf / of J 7 . It turns out 
that the families (PKerDi)ieM/F an d (PkctD*)i£M/t^ which consist of the 
orthogonal projections to KerD; and KerZ^* in L 2 (l) accordingly, define 
elements of the von Neumann algebra of the foliation W*(M, T). Suppose 
that J- has a holonomy invariant transverse measure A. Then a normal 
semi-finite trace tr A on W*(M,J r ) is defined. It is proved in |34| that the 
dimensions 

dim A ((Ker A)« G A//^) = ^((P^ri^eM/^), 
dim A ((Ker Df) lEM/J .) = tr A ((P K crD ; *)/ e Af/^), 
are finite, and, therefore, the index of D is defined by 

ind A (£>) = dim A ((Ker Di) leM/:F ) - dim A ((Ker D* )i eM /r)- 

Like in 0, the tangential principal symbol o~d of D defines an element of 
iir 1 (r*^ r ). Using the Thorn isomorphism (for simplicity, assume that the 
bundle TJ- is orientable), one can define the Chern character ch(<7£)) as an 
element of the rational cohomology group H*(M, Q) of the manifold M. Let 
Td(T*JF) e H*(M,Q) denote the Todd class of the cotangent bundle T*T 
to T. 

Theorem 5.10. |34| One has the formula 

md A (D) = (-l)^ +1 )/ 2 (C,ch(a D )Td(T*^)), 

where C is the Ruelle- Sullivan current, corresponding to the transverse mea- 
sure A. 

Theorem I5.1UI is completely similar to the Atiyah-Singer index theorem 
in cohomological form [I] with the only difference that one uses here the 
pairing with the Ruelle- Sullivan current C instead of the integration over 
the compact manifold in the right-hand side of the Atiyah-Singer formula. 
An odd version of Theorem 15. 1UI is proved in the paper [SI] (see also. |63| ). 
It is related with the index theory for Toeplitz operators. 

In the paper j52] (see also jSZ] ) , a if-theoretic version of the index theorem 
for tangentially elliptic operators on an arbitrary compact foliated manifold 
(M, J 7 ) is proved. Let D be a tangentially elliptic operator on a compact 
manifold M. One can construct an analytical index Ind a (D) G Kq{C* (G)) of 
the operator (-DOieAf/^ 7 ) using operator constructions ([SUEZ]), an< ^' starting 
with the class [o~d\ £ K 1 ^*^) defined by the tangential principal symbol 



(,0 



YURI A. KORDYUKOV 



ob of the operator D, one can construct its topological index lndt(D) G 
Ko(C*(G)). 

Theorem 5.11. |55[ IH7] For any tangentially elliptic operator D on a com- 
pact foliated manifold (M, J 7 ), one has the formula 

Jnd a (D) = IndtOD). 

If T is given by the fibers of a fibration M -> B, then K Q (C*(G)) = 
K°(B), and Theorem l5.11l is reduced to the Atiyah-Singer theorem for fam- 
ilies of elliptic operators [3]. 

In [fJS] (see also [Ml)) Heitsch and Lazarov proved an analogue of the 
Atiyah-Bott-Lefschetz fixed point formula [3| in the setting of Theorem l5.1Ul 
More precisely, they consider a compact foliated manifold (M, J 7 ), equipped 
with a holonomy invariant transverse measure A, and a diffeomorphism 
f:M—>M, which takes each leaf of the foliation to itself. They assume 
additionally that the fixed point sets of / are submanifolds, transverse to 
the foliation. Under these assumptions, the Lefschetz theorem proved in 
|95j states the equality of the alternating sum of the traces of the action of 
/ on the L 2 spaces of harmonic forms along the leaves of the foliation (an 
appropriate trace is given by trA) with the average with respect to A of local 
contributions of the fixed point sets. 

In J2j , an equivariant generalization of Theorem 15.111 to the case when 
there is a compact Lie group action, taking each leaf of the foliation T to 
itself, is obtained. As a consequence, the author extended the Lefschetz the- 
orem proved in [2^1 to the case of an arbitrary tangentially elliptic complex 
when the diffeomorphism /: M — > M is included to a compact Lie group 
action, taking each leaf of T to itself. 

Finally, in |421 Chapter III, Section 7.7, Corollary 13], a cyclic version of 
the index theorem for tangentially elliptic operators is given. 

Theorem 5.12. Let D be a tangentially elliptic operator on a compact 
manifold with a transversely oriented foliation (M,^), Ind a (Z?) its analytic 
index. Then, for any uj £ H*(BG), we have 

($*(u),Ind a (L>)) = (u,ch r (o- D )). 

Here : H*(BG) HP*(C™(G, IT^ 1 / 2 )) is the map introduced in 
Section EE1 ch r (o"D) denotes the twisted Chern character 

ch T (cr D ) = Td(r) _1 ch(cr D ), 

where ch : K*(BG) — > if*(-BG,Q) is the Chern character. 

Let us also mention the papers |139| IM| l97| EH1 E2] , concerning to gen- 
eralizations of the local index theorem for families of elliptic operators JH] 
to the case of tangentially elliptic operators on a foliated manifold, and the 
papers |11[ I13[ 11 4 j , concerning to cyclic versions of the Lefschetz formula for 
diffeomorphisms, which take each leaf of a foliation to itself. 
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6. NONCOMMUTATIVE DIFFERENTIAL GEOMETRY 

In this Section, we will describe noncommutative analogues of two of 
the most important transverse geometric structures for foliated manifolds: 
symplectic and Riemannian ones. 

6.1. Noncommutative symplectic geometry. Based on the ideas of the 
deformation theory of Gerstenhaber Ping Xu |186j and Block and Get- 
zler |2U| introduced a noncommutative analogue of the Poisson bracket. 
Namely, they defined a Poisson structure on an algebra A as a Hochschild 
2-cocycle P £ Z 2 (A,A) such that P o P as a Hochschild 3-coboundary, 
P o P g B 3 (A, A). In other words, a Poisson structure on A is given by a 
linear map P : A <g> A — > A such that 
(6.1) 

(5P)(ai,a 2 ,a 3 ) = aiP{a 2 ,a 3 )- P(a 1 a 2 ,a 3 ) + P(a 1} a 2 a 3 )- P(a 1 ,a 2 )a 3 = 0, 
and there is a 2-cochain Pi : A £g> A — > A such that 

(6.2) P o P( ai ,a 2 , a 3 ) = P(a u P(a 2 ,a 3 )) - P(P( ai ,a 2 ),a 3 ) 

= atPi(a 2 ,a 3 ) - P 1 {a 1 a 2 ,a 3 ) + Pi (01,0203) - Pi (01,02)03. 

The identity (|6,1|) is an analogue of the Jacobi identity for a Poisson bracket, 
and the identity (|6.2|) is an analogue of the Leibniz rule. 

A connection of this definition with the deformation theory consists in 
the following fact. Let us call by a formal deformation of an algebra A 
an associative multiplication on the vector space ^4[[^]] = ® A over 

the field C[[^]] of formal complex series such that the induced multiplica- 
tion on A = A\\y]\/vA\\iA] coincides with the multiplication in A. Such a 
deformation is described by a cochain 

00 

m(ai,a 2 ) = y~Vmj (01,02), 01,02 G A[[v]}, 

and, moreover, 

(1) m o m(ai,a 2 ,a 3 ) = m(ai,m(a 2 ,a 3 )) - m(m(ai,a 2 ),a 3 ) = 0; 

(2) m (oi,a 2 ) = aia 2 . 

It easily follows from here that mi defines a Poisson structure on A. 

Block and Getzler [20] defined a Poisson structure on the operator algebra 
C C °°(G, |T£| 1/2 ) of a symplectic foliation T in the case when the normal 
bundle r to T has a basic connection V (recall that a basic connection on 
r is a holonomy invariant adapted connection). 

Consider an arbitrary symplectic foliation T . Let u be the corresponding 
closed 2-form of constant rank. It defines a nondegenerate holonomy invari- 
ant 2-form on the normal bundle r, which gives a bundle isomorphism of r 
and r* = N*F and, therefore, defines a 2-form A on N*T. 
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Choose an arbitrary distribution H on M, transverse to T . There is 
defined the transverse differential 

d H -M° 0O = C?(G,\Tg\V 2 ) ^n 1 OD = CZ°(GyN*F®\Tg\V 2 ). 

The exterior product of differential forms gives a map x Q,^ A Q 2 ^ (cf. 
1)3. 5 Jl ). Finally, the pairing with the 2-form A defines a map 

where 

(A, a) (7) = (A s(7) ,s( 7 )). 

A Poisson bracket P(fa, fa) of fa, fa £ Cg°(G, \Tg\ x l 2 ) is defined as 

(6.3) P(fa,fa) = (Kdnfa Ad H k 2 ). 

It is not difficult to check that P satisfies (|6.1|) . 

A construction of a 2-cochain Pi : A ® A —* A, which satisfies (|6.2|) . is 
given in [20] only in the case when T has a basic connection. 

6.2. Noncommutative Riemannian spaces. According to |5U1 143j . the 
initial datum of the noncommutative Riemannian geometry is a spectral 
triple. 

Definition 6.1. A spectral triple is a set (A,Ti,D), where: 

(1) A is an involutive algebra; 

(2) Ti is a Hilbert space, equipped with a ^representation of A; 

(3) D is an (unbounded) self-adjoint operator in Ti such that 

1. for any a £ A, the operator a(D — i)^ 1 is a compact operator in 

2. D almost commutes with elements of A in the sense that [D, a] 
is bounded for any a £ A. 

A spectral triple is called even, if Ti is endowed with a ^-grading 7 G 
C(H), 7 = 7*, 7 2 = 1, and, moreover, 7D = — D7 and 7a = 07 for any 
a £ A. In the opposite spectral triple is called odd. 

Spectral triples were considered for the first time in the paper where 
they were called unbounded Fredholm modules. A spectral triple (A,TC,D) 
defines a Fredholm module (Ti, F) over A, where F = D(I + D 2 )- 1 ' 2 0. 
On the contrary, any Fredholm module (Ti, F) over A is homotopic to a 
Fredholm module determined by a spectral triple. In a sense, the operator F 
is connected with measurement of angles and is responsible for the conformal 
structure, whereas \D\ is connected with measurement of lengths. 

Definition 6.2. A spectral triple (A, Ti, D) is called p-summable (or p- 
dimensional) , if, for any a £ A, the operator a(D — is an element of the 
Schatten class C p (Ti). 

A spectral triple (A, Ti, D) is called finite-dimensional, if it is p-summable 
for some p. 
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The greatest lower bound of all p's, for which a finite-dimensional spectral 
triple is p-summable, is called the dimension of the spectral triple. 

As shown in jS], the dimension of the spectral triple (A, 7i,D) coincides 
with the dimension of the corresponding Fredholm module (7i,F), F = 
D{I + D 2 )- 1 / 2 , over A. 

The classical Riemannian geometry is described by the spectral triple 
(A, TC,D), associated with a compact Riemannian manifold (M,g): 

(1) An involutive algebra A is the algebra C°°(M) of smooth functions 
on M; 

(2) A Hilbert space TC is the space L 2 (M, A*T*M), on which the algebra 
A acts by multiplication; 

(3) An operator D is the signature operator d + d*. 

Let us show that this spectral triple contains a basic geometric information 
on the Riemannian manifold (M, g). First of all, it is finite-dimensional, 
and the dimension of this spectral triple coincides with the dimension of M. 
This fact is an immediate consequence of the Weyl asymptotic formula for 
eigenvalues of self-adjoint elliptic operators on a compact manifold. 

For any T G C{7i), denote by 5 l (T) the i-th iterated commutator with 
\D\. Consider the space OP , consisting of all T G C(H) such that S i (T) G 
C(H) for any % G N. Then OP n C(M) coincides with C°°(M). This 
allows to reconstruct the smooth structure of M, based on its topological 
structure and the spectral triple (A,7i,D) (observe that here one can take 
as A any involutive algebra, which consists of Lipschitz functions and is 
dense in C{M)). 

Based on the spectral triple, one can compute the geodesic distance d(x, y) 
between any two points x,y G M by the formula (cf. |41j ) 



Then, starting from the triple (A,7i,D), one can reconstruct the Riemann- 
ian volume form dv, given in local coordinates by dv = y / detTg dx. For 
this, one uses a trace Tr^, introduced by Dixmier in 61_ as an example of 
a nonstandard trace on the algebra C(7i). Before we describe the Dixmier 
trace, we introduce some auxiliary notions. Consider the ideal £ 1+ (Tt) in 
the algebra of compact operators JC(H), which consists of all T G JC(H) such 
that 



where /Ui(T) > H2(T) > . . . are the singular numbers of T. For any invariant 
mean oj on the amenable group of upper triangular 2 x 2-matrices, Dixmier 
constructed a linear form lim^ on the space ^°°(N) of bounded sequences, 
which coincides with the limit functional lim on the subspace of convergent 
sequences. The trace Tr^ on C 1+ {TL) is defined for a positive operator T G 



d{x,y) = sup{|/(x) - f(y)\ : / G A, \\[D,f]\\ < 1}. 
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£ 1+ (H) as 

1 N 

Tr - (T)=1 l m I^v^> (T) - 

n=l 

Let M be a compact manifold, E a vector bundle on M and P £ ^ m (M, E) 
a classical pseudodifferential operator. Thus, in any local coordinate sys- 
tem, its complete symbol p can be represented as an asymptotic sum p ~ 
Pm + Pm-l + • • -j where pi(x, £) is a homogeneous function of degree i in ^. 
As shown in |4L)j . the Dixmier trace Tr w (P) does not depend on the choice 
of ijj and coincides with the value of the residue trace r(P), introduced by 
Wodzicki |185j and Guillemin 83 j. The residue trace r is defined as follows. 
For P G ty*(M,E), its residue form pp is defined in local coordinates as 

PP = \^J^Trp_ n (x,0(%J \dx\. 

The density pp turns out to be independent of the choice of a local coordinate 
system and, therefore, gives a well-defined density on M. The integral of 
the density pp over M is the residue trace r(P) of P: 

(6.4) r(P) = (2tt)- b / pp = (2tt)-" / Tr p_ n (x, 

jm Js*m 

Wodzicki |185j showed that r is a unique trace on the algebra ^f* (M, E) of 
classical pseudodifferential operators of arbitrary order. 

According to 00] (cf. also [HI]), any P G *" n (M,P) (n = dimM) 
belongs to the ideal £ 1+ (L 2 (M, P)) and, for any invariant mean to, 

Tr w (P)=r(P). 

The above results imply the formula 

/ /di/ = c(n) Tr^(/|P)|-"), /€i, 

where c(n) = 2( n -[ n / 2 ])vr n / 2 r(§ + 1). Thus, the Dixmier trace Tr w can be 
considered as a proper noncommutative generalization of the integral. 

Finally, the Egorov theorem for pseudodifferential operators allows to 
describe the geodesic flow on the cotangent bundle T*M in terms of the 
given spectral triple (cf. Section |H3J) . 

Example 6.3. Let us give examples of spectral triples (A, TC, D) associated 
with the noncommutative torus T% (see |44j ) . These triples are parametrized 
by a complex number r with Imr > 0. Put 

A = A 9 = {a= a nm U n V m : a nm e S(Z 2 )}. 

Define a canonical normalized trace tq on Ag as 



to (a) = aoo, a £ Ag. 
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Let L 2 (Aq,to) be the Hilbert space, which is the completion of Ag in the 
inner product (a,b) = To(b*a),a,b £ Ag. The Hilbert space TL is defined as 
the sum of two copies of L 2 (Ao,tq), equipped with the grading, given by 
T 



7 



-1 



The representation p of Ag in TL is given by the left multiplication, that 
is, for any a £ Ag 

< \ A(o) 
P(a) = { A(a) 

where the operator A(o) is given on Ag C L 2 (Ag,To) by 

X(a)b = ab, b £ „4#. 

Introduce the differentiations 5i and 5 2 on the algebra Ag by 

<5i(Z7) = 27riC/, 5i(V) = 0; <5 2 (C/) = 0, S 2 (V) = 2mV. 

The operator D depends explicitly on r and has the form 



D 



5i+ t5 2 
-5\ — fb 2 



The triples constructed above are two-dimensional smooth spectral triples. 

Finally, we describe the simplest example of a spectral triple associated 
with a closed manifold M, equipped with a Riemannian foliation T ' ■ Fix a 
bundle-like metric gu on M. Let H = F 1 - be the orthogonal complement 
of F = TT. 

Define a triple (A,7i,D) as follows: 

(1) A = C™(G); 

(2) W = L 2 (M,A*H*) is the space of transverse differential forms, en- 
dowed with the natural action R\*h* of A; 

(3) D = dn + d* H is the transverse signature operator (cf . Section I2.7|) . 

Theorem 6.4. jll^j The spectral triple (A, TC, D) is a finite- dimensional 
spectral triple of dimension q = codim T . 

More general examples of spectral triples given by transversally elliptic 
operators on foliated manifolds are defined later in Section|HJ Before we turn 
to the study of properties of spectral triples associated with Riemannian 
foliations, we need to have an appropriate pseudo differential calculus, that 
is a subject of Section [7| 

6.3. Geometry of para-Riemannian foliations. 

Definition 6.5. A foliation T on a manifold M is called para-Riemannian, 
if there is an integrable distribution V on M, which contains the tangent 
bundle TT to T such that there are holonomy invariant Euclidean structures 
in the fibers of the bundles TM/V and V/TT. 
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If V is an integrable distribution on M, which defines a para-Riemannian 
structure, and V is the corresponding foliation on M, J- C V, then V is 
Riemannian, and the restriction of T to every leaf of V is a Riemannian 
foliation. 

An interest in studying of para-Riemannian foliations is related with the 
fact that, in some cases, the study of arbitrary foliations can be reduced 
to the case of para-Riemannian foliations. A basic observation consists in 
the following. Let (M, J-) be an arbitrary foliated manifold. Consider the 
bundle P over M, whose fiber P x at x G M is the space of all Euclidean 
metrics on the vector space t x = T X M jT x T . There is a natural lift of T 
to a foliation V on P, moreover, this foliation is para-Riemannian. For the 
first time, this construction was used by Connes [HS] i n order to extend the 
map Kq(C£°(G, ITC?! 1 / 2 )) — > C given by the transverse fundamental class of 
an arbitrary foliation [M,F) to a map Kq(C*(G)) — > C (cf. Section 1571]) . 
Connes constructed such an extension for (P, V), using the para-Riemannian 
condition, and then, using the Thorn isomorphism, he showed that the map 
Kq(C*(P,V)) — ► C given by the transverse fundamental class of (P,V) de- 
fines the desired extension Kq(C*(G)) — ► C for the initial foliation (M, J 7 ). 

In |lUL)j , Hilsum and Skandalis constructed a Fredholm module associated 
with an arbitrary para-Riemannian foliation. To do this, they made use of 
transversally hypoelliptic operators and pseudo differential operators of type 
(p,S). 

In [20], Connes and Moscovici described a spectral triple associated with 
a para-Riemannian foliations. More precisely, they considered the closely re- 
lated setting (strongly Morita equivalent), when there is a manifold equipped 
with an action of a discrete group, preserving a triangular structure. 

Let us describe the construction of Connes and Moscovici. Let W be an 
oriented smooth manifold, and T a group of diffeomorphisms of W. Con- 
sider the bundle n : P(W) — > W, whose fiber P X (W) at x G W is the 
space of all Euclidean metrics on the vector space T X W. Thus, a point 
p G P(W) is given by a point x G W and a nondegenerate quadratic form 
on T X W. Let F+(W) be the bundle of positive frames in the bundle W, 
whose fiber F X (W) at x G W is the space of orientation preserving, linear 
isomorphisms 1" — > T X W. Equivalently, the bundle P(W) can be described 
as the quotient of the bundle F + (W) by the fiberwise action of the subgroup 
SO(n) C GL(n, E), P(W) = F + (W)/SO(n). We will use the natural invari- 
ant Riemannian metric on the symmetric space GL + (n, M)/0(n), given by 
the matrix Hilbert-Schmidt norm on the tangent space to GL(n, M)/SO(n), 
which is identified with the space of symmetric n x n-matrices. If we trans- 
fer this metric to the fibers P x of the fibration P(W) = P, we get a Eu- 
clidean structure on the vertical distribution V C TP. The normal space 
N p = TpP/Vp is naturally identified with the space T x W,x = ir(p). Thus, 
the quadratic form on T X W, corresponding to p, defines a natural Euclidean 
structure on N p . 
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There are natural actions of the group T on F(W) and on P. The action 
takes the fibers of the fibration ir : P — > W to itself. Moreover, the Euclidean 
structures on the distributions V and N, introduced above, are invariant 
under the action of T. In this case, one say that there is a triangular structure 
on P, invariant under the group action. 

Consider the Hermitian vector bundle E = A*V£ tg> A*N^ over P. The 
Hermitian structure in the fibers of E is given by the Euclidean structures 
on V and N. The grading operators and 77V in A*V^ and A*N^ are given 
by the Hodge operators of the Euclidean structures and the orientations of 
the bundles V and N. The Euclidean structures on V and N also define a 
natural volume form v £ f\*V* (g) A*iV* = AT*P. 

Let A be the crossed product C£°(P) x T. Recall that this algebra is 
generated as a linear space by the expressions of the form fU g , where / € 
C C °°(P) and g e V (cf. Example EH . 

Let ri be the space L 2 (P,E) of L 2 sections of the bundle E, which is 
equipped by the Hilbert structure, given by the volume form v and the 
Hermitian structure on E. The action of A in 7i is given in a following way. 
A function / £ C£°(P) acts as the corresponding multiplication operator in 
H. For any g £ T, the unitary operator U g in 7i is given by the natural 
actions of T in the section of the bundles V and N. 

Consider the foliation V, given by the fibers of the fibration P. Then 

V = TV, N is the normal bundle to V. Denote by d L : C°°(P,E) -> 
C°° (P, E) the tangential de Rham differential associated with the foliation 

V (see (|2.5|) ). Let Ql be the second order tangential differential operator in 
C°°(P,E) given by 

Q L = d L d* L - d* L d L . 

As shown in |5U| . the principal symbol of Ql is homotopic to the principal 
symbol of the signature operator dL + d* L . 

Choose an arbitrary distribution H on P, transverse to V. Consider 
the corresponding transverse de Rham differential dn (see (|2.5|1 ) and the 
transverse signature operator 

Qh = d H + d* H . 

This operator depends on the choice of H, but its transverse principal symbol 
is independent of H. Define a mixed signature operator Q in C°°(P, E) as 

Q = QU-lf N +Qn, 

where (— 1)® N denotes the parity operator in the transverse direction, that 
is, it coincides with 1 on A ev N* and with —1 on A odd A^*. One can show 
that Q is essentially self-adjoint in 7i. Using the functional calculus, define 
the operator D as 

Q = D\D\. 

Theorem 6.6. |50| The triple (A,TC,D) is a spectral triple of dimension 
dimV + 2 dim N. 
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The proof of this theorem makes an essential use of the pseudodifferential 
calculus on Heisenberg manifolds, constructed by Beals and Greiner [TO] . 
Note that the above construction can be applied to any manifold endowed 
with a triangular structure, invariant under a group action. In this case, 
a complicated analytic problem is the essential self-adjointness of Q in the 
case of a noncompact manifold. 

7. Transverse pseudodifferential calculus 

Throughout in this Section, we will consider a closed, connected, oriented, 
foliated manifold (M, J-), dimM = n, dim J 7 = p, p+q = n, and a Hermitian 
vector bundle E on M of rank r. We will consider operators, acting on half- 
densities. We will denote by C°°(M,E) the space of smooth sections, by 
L 2 (M,E) the Hilbert space of square integrable sections, by V(M,E) the 
space of distributional sections, V'(M,E) = C°°(M,E)', and by H S (M,E) 
the Sobolev space of order s for the vector bundle E (g) \TM\ 1 / 2 . 

7.1. Classes # m ~°°(M, J 7 , E). [1131 Consider the n-dimensional cube I n = 
I p x I q equipped with the trivial foliation, whose leaves are I p x {y}, y G I q . 
As usual, the coordinates in I n are denoted by (x,y), x G I p , y G I q , and 
the dual coordinates by (£,77), £ G M p , r] G M 9 . 

Definition 7.1. A function k G C°°(/ p x I p x I q x R«,£(C r )) belongs to 
the class S' m (P x I p x I q x W,£(C r )), if, for any multiindices a G N" and 
/3 G N 2p+9 , there is a constant C a p > such that 

W d V d ( X , X >,y) k ( X > X 'iVi < Cap(l + \rj\) m - H , 

(x,x',y) G I p x I p x I q , rieR q . 
In the following, we will only consider classical symbols. 

Definition 7.2. A function k G C°°(/ p x I p x I q x M",£(C r )) is called a 
classical symbol of order z G C, if it can be represented as an asymptotic 
sum 

00 

k(x,x',y,f]) ~ ^2e(rj)k z ^j(x,x',y,r]), 

j=0 

where k g -j G C°°(I P x I p x I q x (E«\{0}), £(C r )) are homogeneous in 77 of 
degree z — j, that is, 

k z -j(x,x',y,trj) = t z ~ j k z _j(x,x' ,y,rj), t > 0, 

and is a smooth function in IR 9 such that 9{rf) = for \q\ < 1, ^(77) = 1 
for |77| > 2. 

In this definition, the sign of asymptotic summation ~ means that k — 
Ef=o 9k z-j G S Rez ~ N - 1 for any natural N. 

A symbol k G S m (I p x I p x I q x M^£(c r )) defines an operator 

A : c7 c °°(/ n ,C r ) -» C°°(/ n ,C r ) 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



60 



as 

(7.1) Au(x, y) = (2vr)-' 2 J e i( - y - y '^k(x, x' , y, rj)u(x', y') dx' dy' drj, 

where u G C c °°(7 n , C r ), x G I p ,y G I 9 . Denote by * m >-° Q (J n , 7?, C r ) the 
class of operators of the form JET]) with fc G 5 m (7 p xFxJ'x M 9 ,£(C r )) 
such that its Schwartz kernel is compactly supported in I n x I n . 

If : U C Af -> 7^ x I q ,cf>' : U' C M -> P x 7 9 are compatible fo- 
liated charts on M endowed with trivializations of E, then an operator 
A G f m '-°°(7 n ,7P,C r ) defines an operator A' : C™(U,E) -> C™(U',E), 
which can extended in a trivial way to an operator in C°°(M, E). The 
operator obtained in such a way will be also denoted by A' and called an 
elementary operator of class \E ,m,_00 (M, J 7 , E). 

Definition 7.3. The class \I/ m ' _00 (M, J 7 , E) consists of operators A, acting 
in C oc (M,E), which can be represented in the form A = Xa=i ^ + 
where Ai are elementary operators of class W n '~°°(M, J 7 , E), corresponding 
to pairs 4>i, 4>\ of compatible foliated charts, K G ^~°°(M, E). 

Operators from ^ m '~ 00 (M,'F,E) are called transversal pseudodifferential 
operators. These operators can be represented as Fourier integral opera- 
tors associated with a natural canonical relation in the punctured cotangent 
bundle T*M = T*M\{0}. More precisely, let J-n be the linearized foliation 
in N*? 7 , G^ N the holonomy groupoid of the foliation Tn- The map 

(7.2) (r, s) : G^ N -» f*M x f*M 

defines an injectively immersed relation in T*M. The algebra of Fourier 
integral operators associated with the canonical relation (|7.2|) coincides with 
** -°°(M, J 7 , E). Observe also that the class #*~°°(M, J 7 , E) coincides with 
the algebra 71%, associated with the coisotropic conic submanifold £ = N*F 
in T*M, which was introduced by Guillemin and Sternberg in |87j . 

Recall that a Fourier integral operator on M is a linear operator F : 
C°°(M) — » D'(M), microlocally representable in the form 

(7.3) Fu{x) = j e^ x ^ e) a(x,y,9)u(y)dyd9, 

where x G X C R n , y G Y C M n , 9 G R N \ 0. Here a(x, y, 9) G S m {X x Y x 
M^) is an amplitude, is a nondegenerate phase function. (Concerning to 
Fourier integral operators cf., for instance, |1U21 11751 I18U| ') 

Consider the smooth map from X x Y x M. N to T*X x T*Y given by 

(x, y, 0) i ► (x, (j) x (x, y, 9), y, -</> y (x, y, 9)). 

The image of the set 

= {(x,y,9) G X x Y x l w : <f> 9 (x,y,6) = 0} 

under this map turns out to be a homogeneous canonical relation in 
T*X x T*y. (Recall that a closed conic submanifold C C T*(X x Y)\0 
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is called a homogeneous canonical relation, if it is contained in T*X x T*Y 
and is Lagrangian with respect to the 2-form tax — Wy, where wj,wy are 
the canonical symplectic forms on T*X, T*Y respectively.) 

A Fourier integral operator F is said to be associated with A^. Let us 
write F G I m (X x Y, A^), if a G S m+n / 2 ~ N / 2 (X xY x R N ). 

Let 4> : U C M ^ I p x I q ,(p' : U' C M ^ I p x /« be compatible 
foliated charts on M, and A : C C °°(C/, S^) -> C^tJ', E^,) an elementary 
operator given by (dJ with k G 5 m (/ p x P x P x W,C(C r )). It can 
be represented in the form 1)7.31) . if one takes X = U with the coordinates 
(x, y), Y = U' with the coordinates (x', y'), 9 = rj, N = q, the phase function 
4>(x, y, x', y') = {y — y')rj and the amplitude a = k(x, x', y, rj). The associated 
homogeneous canonical relation A,* can be described as 

A = {(x, y, £, r,, x',y', rf) G T*U x T*U' : j, = y', £ = ? = 0, r? = -ry'}, 

that coincides with the intersection of G'-p with T*U x T*U'. (For any 
relation C C T*X x T*Y, C denotes the image of C under the map 
T*X x T*Y T*X x T*Y : (x,Z,y,rj) ^ (x,£,,y,-rj)). Furthermore, note 
that the class $> m -°°(M, T, E) consists of all operators in C°°{M,E) with 
the Schwartz kernels from the class I m -P/ 2 (M x M,G' Tn ;C{E) <g> \T(M x 

M)! 1 / 2 ). Since Gp N is, in general, a (one-to-one) immersed canonical re- 
lation, it is necessary to be more precise with the definition of the classes 
I m (M x M,G' Tn ,C{E) ® \T{M x M)! 1 / 2 ). This can be done by analogy 
with the definition of the classes of leafwise pseudodifferential operators 
on a foliated manifold given in j^l] (see also the definition of the classes 
qr*-°°(M, E) given above). Namely, the space I m (M x M, G'p ) of com- 
pactly supported Lagrangian distributions is defined as the set of finite sums 
of elementary Lagrangian distributions, corresponding to pairs of compatible 
foliated charts on M. 

7.2. Symbolic calculus in fy™" 00 . Symbolic properties of the classes 
ty m >~°°(M,J r ,E) can be obtained as a consequence of the corresponding 
facts for the Guillemin-Sternberg algebras 1Z-£ [H7j, but in many cases it is 
simpler to give a direct proof (cf. jll.Hj ) . 

The principal symbol a a of an elementary operator A G \& m >~°°(/" ) JP ; C r ) 
given by <|7.1|) is defined to be the matrix-valued half-density a a on P x 
P x P x (M"\{0}) given by 

(7.4) a A (x,x',y,7]) = k m (x, x' ,y,rj)\dx dx'\ 1/2 , 

{x,x',y,rj) eP xP x P x {M. q \{0}), 

where k m is the homogeneous of degree m component of k. 

Before we give the global description of the principal symbol for operators 
of class fy m '~ c< '(M,J T ,E), we introduce some auxiliary notions. Denote by 
tt*E the lift of the vector bundle E to N*F under the map ir : N*F — * M. 
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Since N* T is noncompact, it is impossible to define the structure of an invo- 
lutive algebra on the whole space C°°{Gf n ,C{-k*E) g> \TGn\ 1/2 )- Introduce 
the space C^ op (Gf N ,£(Tr*E) ® \TG N \ l/ ), which consists of all properly 
supported elements k G C°°(G^ n ,C(tt*E) <g> \TGn\ 1/2 ) (th is means that the 
restriction of r : Gp N — ► N*iT to suppfc is a proper map). The structure 
of an involutive algebra on C^! op (G ^ N , £(tt* E) (g) \TGn\ 1 ^ 2 ) is defined, using 
the standards formulas (cf . Section I3.2JI . 

The space of all sections s G Gj£ op (Gf N , £(tt*E) <g> \TGn\ 1/2 ), homoge- 
neous of degree m with respect to the fiberwise multiplication in the fibers 
of the bundle vr : N*lF -► M, is denoted by S m (G^ N , C(tt*E) ® {TQ^ 1 / 2 ). 
The space 

S*(Gf n ,£(it*E) ® \TGn\ 1 ' 2 ) = \JS m (Gf N ,£(K*E) ® (T^ 1 / 2 ) 

is a subalgebra of C^. , p {Gj^ N , C(ir* E) ® \TGn\ 1/2 )- 

Let 4> : U C M ^ I p x I q , cp' : U' C M ^ I p x I q be two compatible foli- 
ated charts on M endowed with trivializations of £7. Then the corresponding 
coordinate charts (f> n : XJ X C iV*^" I v xl q x R q , 4>' n : U[ C N*iT -> I p xl q x 
M q (see Section f2.1|) are compatible foliated charts on the foliated manifold 
(N*J-,J-]sf) endowed with obvious trivializations of tt*E. Thus, there is a 
foliated chart Tat :W{4> n ,4>' n ) C G Tn ^ I p xI p xI q xW on the foliated man- 
ifold {Gp N , Gn)- The local half-density defined by (|7.4|) in any foliated chart 
W((t> n ,(/)'J gives a well-defined element a A of S m {G FN ,L(it*E) ® IT^] 1 / 2 ) 
- the principal symbol of ^ G * m -°° (M, J 7 , E). 

If we fix a smooth positive leafwise density, then a a is identified with 
an element of C°°{G^ N1 C{'K*E)). The notion of the principal symbol of 
an operator of class ty m ~ co {M,J-,E) as a Fourier integral operator (cf., for 
instance, 102 ) agrees with this definition of the principal symbol. 

Proposition 7.4. |113] The principal symbol map 

a : \E r *' _00 (M, E) S* (G > w , £(vr* £) ® IT^] 1 / 2 ) 

zs a *-homomorphism of involutive algebras. Thus, if A G <J/ mi ' _00 (M, J 7 , E) 
and B G ^ m2 -°°(M, J* 7 , £?), ffcen C = AB &don ff s ^ mi+m2 -°°(M, .F, £) 
and cjab = cr A a B . If A £ f m ~°°(M, F, E), then A* G # m >-°°(M, J 7 , £7) 
and 0"^* = (<ta)*- 

Recall that the transversal principal symbol dp of an operator P G 
\I ,m (M, £7) is the restriction of its principal symbol p m to N*J-. 

Proposition 7.5. If A £ W(M,E) and B G ^ m -°°(M, J 7 , E), then AB 
and BA belong to -°°(M, J* 7 , £) and 

o-ab(i,v) = ^A{rf)a B {l,ri), (7,77) G G^ N , 
o-ba(j,v) = (T B ('y,v)^A(dh*(ri)), (7,77) G G Fn . 
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Proposition 7.6. If the transversal principal symbol of an operator P G 
*^(M, E) vanishes, then, for any K G * m ' _ °°(M, T, E), the operators KP 
and PK belong to ^ m+ ^~ 1 '~ QO (M,J 7 ,E). 

Suppose that E is holonomy equivariant, that is, there is an action T(j) : 
E x — ► -Ej/,7 £ G,7 : i -> 1/ of the holonomy groupoid G in the fibers of 
E. Then the bundle C{ir*E) on iV*.? 7 is holonomy equivariant. Denote by 
adT the corresponding action of the holonomy groupoid G? N in the fibers 

of£(7T*E). 

Definition 7.7. The transversal principal symbol up of an operator P G 
\T/ m (M, .E) is holonomy invariant, if, for any leafwise path 7 from x to y and 
for any u G N*T, the following identity holds: 

adT(7, u)[ap(dh*(v))] = a P (v). 

Let p m G S m (I n x (R n \ {0})) be the principal symbol of P G f m (M) in 
some foliated chart, then its transversal principal symbol dp is given by 

ap(x,y,rt) = p m (x,y,0,rj), (x,y) G r?GlR 9 \{0}, 

and the holonomy invariance of up means that up is independent of x. 

The assumption of the existence of a positive order pseudodifferential 
operator with the holonomy invariant transversal principal symbol on a fo- 
liated manifold imposes sufficiently strong restrictions on the geometry of 
the foliation. An example of an operator with the holonomy invariant trans- 
verse principal symbols is the transverse signature operator on a Riemannian 
foliation. 

There is a canonical embedding 

i : C™ op (Gf N ,\Tg N \ 1/2 ) ^ C™ rop (Gr N ,£.(Tr*E) \TG N \ 1/2 ), 

which takes any k G C!^ op (G^ N , \TQn\ 1 / 2 ) to i(k) = A; adT. We will iden- 
tify C™. op {Gf N ,\TQ N \ l l 2 ) with its image in C^ op (G Tn ,£(tt*E) \TQ N \ l l 2 ) 
under the map i. 

Definition 7.8. An operator P G \l/ m ' _00 (M, T ', E) is said to have the scalar 
principal symbol, if its principal symbol belongs to C™ op (Gp N , \TQn\ 1 I 2 ). 

Denote by *™' _oc (M, T, E) the set of all operators K G * m ~°°{M, T, E) 
with the scalar principal symbol. Observe that, for any k G C£°(G, jT^j 1 / 2 ), 
the operator R E (k) belongs to ^' C ~°°(M, J 7 , E), and 

a(R E (k)) = 7r* G k g c~ op (G^, \rg N \ 1/2 ), 

where ttq ■ Gp N — ► G is the natural map. 

Proposition 7.9. Let (M, J 7 ) be a compact foliated manifold and E a 
holonomy equivariant vector bundle. If A £ 00 (M, J 7 , E), and P G 

\T/ M (M, E) has the holonomy invariant transversal principal symbol, then 
[A,P]ey m+ »- 1 - 00 {M,F). 
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Finally, one has the following statement on the continuity of the symbol 
map. Any A G ^ ,0 ' _oo (M, T, E) defines a bounded operator in the Hilbert 
space L 2 (M,E). Denote by § -°° (M, J 7 , E) the closure of *° >-°° (M, F, E) 
in the uniform topology of C(L 2 (M, E)). 

Recall that, for any v £ N*!F, there is a natural ^representation R u of the 
algebra S°(G^ N ,C(n*E)®\Tg N \ 1 / 2 ) hi L 2 (G^ n ,s* n (tt*E)) (cf. Q). Thus, 
for any k E S (G^ n ,£(tt*E) (g) ITQnI 1 / 2 ), the continuous operator family 
{R u (k) G £(L 2 (G^ N ,s* N (ir*E))) : v G N*T} defines a bounded operator 
in L 2 (Gr N ,s* N (ir*E)). We will identify an element k G S°(G^ n ,£(tt*E) tg> 
|TC//v| 1//2 ) with the corresponding bounded operator in L 2 (G^ n ,s* n (tt*E)) 
and denote by S°(G^ N , C{ir* E)®\TQ N \ 1 / 2 ) the closure of S°(G^ n ,C(-it*E)<Si 
\Tg N \ 1 / 2 ) in the uniform topology of C(L 2 (G^ n ,s* n (tt*E))). 

Proposition 7.10 (i) T/ie symbol map 

a : ^' '^ oo (M, JF, E) -► S°(G^ n ,C(tt*E) ® \Tg N \ 1 ' 2 ) 

extends by continuity to a homomorphism 

a : V°-°°(M,F,E) -► S°{G Tn ,C(tt*E) ® IT^) 1 / 2 ). 

(2) T/ie idea/ Kera contains the ideal of compact operators in L 2 (M,E). 

7.3. Zeta-function of transversally elliptic operators. Let (M , .F) be a 

compact foliated manifold and E a Hermitian vector bundle on M. Suppose 
that an operator A E fy m (M,E) satisfies the following conditions: 

(Tl): A is a transversally elliptic operator with the positive transversal 
principal symbol; 

(T2): the operator A, considered as an unbounded operator in the 
Hilbert space L 2 (M,E), is essentially self-adjoint on the initial do- 
main C ca (M,E), and its closure is an invertible and positive opera- 
tor. 

The condition (T2) can be considered as an invariance type condition, 
which is usually assumed for transversally elliptic operators. 

Before we formulate a general result on the meromorphic continuation 
of the zeta-function of an operator A, satisfying the conditions (Tl) and 
(T2), we define a Wodzicki-Guillemin type residue trace for operators from 
ty m ~ 00 (M, E). It suffices to do this for elementary operators of class 
m m -°°(M, T, E). For an operator P G *™ "^(.P, p ^ C r^ define the residue 
form pp as 

PP= iyJ^ k^ q (x,x,y,rj)d7] S j \dxdy\, 

and the residue trace t(P) as 

t(P) = (2ir)~ q / Tr k_ q (x,x,y,r]) dxdydn, 
J\ v \=i 
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where k- q is the homogeneous of degree — q component of the complete 
symbol k of P. 

For any P £ ^/ m ~°°(M, T , E), its residue form pp is a well-defined density 
on M, and the residue trace t{P) is obtained by the integration of pp over 
M: 

t(P) = (2tt)-« / PP. 

It should be noted that these results are particular cases of the results 
of |84 [ I85j . concerning to Fourier integral operators, but one can get them 
directly (cf. [EE])- 

Theorem 7.11. Let an operator A £ $? m (M, E) satisfy the conditions 
(Tl) and (T2), and Q £ ^f l ~°°(M,T, E), I £ Z. Then the function 
z i — ^ tr {QA~ Z ) is holomorphic for Rez > I + q/m and admits a (unique) 
meromorphic extension to C with at most simple poles at Zk = k/m with 
integer k < I + q. Its residue at the point z = Zk equals 

res tr (QA~ Z ) = gr(Qyr fc / m ). 

z=z k 

Now suppose that E is holonomy equivariant. For any z £ C, Re z > q/m, 
and for any k £ C£°(G), the operator R,E(k)A~ z is a trace class operator, 
and one can define the distributional zeta-function of A as 

(7.5) (Ca(z), k) = tr R E (k)A~ z , Rez>q/m, k £ C^°(G), 

which is an analytic function in the half-plane Rez > q/m. 

Theorem 7.12. For any k £ C%°(G), the function (£4(2:), k) extends to a 
meromorphic function on the complex plane with at most simple poles at the 
points z = q/m, (q — l)/m, . . . . 

7.4. Egorov theorem. The classical Egorov theorem |66j is one of funda- 
mental results of microlocal analysis, which relates the quantum evolution 
of pseudo differential operators with the classical dynamics of principal sym- 
bols. Recall the formulation of this theorem. Let M be a compact manifold, 
E a vector bundle on M and P £ ^/ 1 (M, E) a positive self-adjoint pseu- 
dodifferential operator with the positive principal symbol p. The Egorov 
theorem states that, if A £ fy°(M,E), then A(t) = e itp Ae~ itp £ ^°(M,E). 
Moreover, if E is the trivial line bundle and a £ S°(T*A1) is the principal 
symbol of A, then the principal symbol at £ S°(T*M) of A(t) is given by 

a t (x,0 = a(f t (x,0), (x,£)£T*M, 

where ft is the bicharacteristic flow of P, that is, the Hamiltonian flow on 
T*M, defined by its principal symbol as the Hamiltonian. 

In |116j a version of the Egorov theorem for transversally elliptic operators 
on compact foliated manifolds is proved. Suppose that (M, J-) is a compact 
foliated manifold. Let A be a linear operator in C°°(M), satisfying the 
following conditions: 
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(Al): A E $> 2 (M, \TM\ 1 / 2 ) is a transversally elliptic operator with 
the scalar principal symbol and the positive, holonomy invariant 
transversal principal symbol; 

(A2): A is an essentially self-adjoint positive operator in L 2 (M) (with 
the initial domain C°°(M)). 

We start with the definition of the transverse bicharacteristic flow of the 
operator yA. Let 02 £ S 2 (T*M) be the principal symbol of A. Take any 
function p E S' 1 (T*M), which coincides with ^fai in some conic neighbor- 
hood of N*T . Denote by Xp the Hamiltonian vector field on T*M with 
the Hamiltonian p. For any v E N*!F, the vector Xp(v) is tangent to N*T. 
Therefore, the Hamiltonian flow ft with the Hamiltonian p preserves N*^. 
Denote by ft its restriction to N*T. One can show that the vector field Xp 
on N*J^ is an infinitesimal transformation of the foliation .F/v, and, there- 
fore, the flow ft preserves the foliation J 7 ^- 

Using the fact that Xp is an infinitesimal transformation of J-Ni it is not 
difficult to show the existence of a unique vector field TL P on G? N such that 
dsi\r(TCp) = Xp and dr^ijip) = Xp. Let F t be the flow on Gp N defined by 
Tip. It is easy to see that sn ° F t = ft o sn, rjy o F t = ft o rjy and the flow 
F t preserves Qn- 

Definition 7.13. Let A be a linear operator in C°°(M) satisfying the condi- 
tions (Al) and (A2). The transverse bicharacteristic flow of the operator \[~A 
is the one-parameter group F£ of automorphisms of the involutive algebra 
Cp^ op (Gj^ N , ITQnI 1 ^ 2 ), induced by the action of F t . 

It is easily seen that the definition of the transverse bicharacteristic flow 
is independent of the choice of p. 

The construction of the transverse bicharacteristic flow is an example of 
noncommutative symplectic (or, maybe, better to say, Poisson) reduction. 
Here we mean by symplectic reduction the following procedure 120, Chapter 
III, Section 14] (see also [T2TllT22j V 

Let (X,u>) be a symplectic manifold and Y a submanifold of X such that 
the 2-form coy on Y, induced by the symplectic form u, has constant rank. 
Let Ty be the characteristic foliation of Y with respect to the form ujy. If 
J-y is given by the fibers of a submersion p :Y — > B, then there is a unique 
symplectic form on 5 such that p*ub = wy. The symplectic manifold 
(B,cob) is called the reduced symplectic manifold associated with Y. In the 
particular case when Y is the pre-image of a point under the momentum 
map defined by a Hamiltonian action of a Lie group, the symplectic reduc- 
tion associated with Y is a well-known procedure of a symplectic reduction 
developed by Marsden and Weinstein |128j . 

If Y is invariant under the action of a Hamiltonian flow with a Hamil- 
tonian H £ C°°{X) (this condition is equivalent to the condition that the 
restriction (dH) \ y is constant along the leaves of the characteristic folia- 
tion Ty), then there is a unique function H £ C°°(B), called the reduced 
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Hamiltonian, such that H |y = H op (cf., for instance, 120, Chapter III, 
Theorem 14.6]). Moreover, the map p takes the restriction of the Hamil- 
tonian flow H on Y to the reduced Hamiltonian flow on B, defined by the 
reduced Hamiltonian H. 

Now let (M, J-) be a foliated manifold. Consider the symplectic reduction 
given by the coisotropic submanifold Y = N*F of the symplectic manifold 
X = T*M. The corresponding characteristic foliation Ty coincides with the 
linearized foliation Tj$. The algebra C^! op (G^ N , \TQn\ 1 / 2 ) plays a role of a 
noncommutative analogue of the algebra of smooth functions on the base 
B = N*T/T N - "the cotangent bundle" to MjT. Under the condition (Al) 
and (A2), the above construction can be considered as a noncommutative 
analogue of the symplectic reduction procedure applied to the Hamiltonian 
flow ft with the Hamiltonian p. Its result is the transverse bicharacteristic 
flow F£ , which is a noncommutative analogue of the corresponding reduced 
Hamiltonian flow on N*^/^]^. See also |18fij with regard to the reduction 
procedure in the noncommutative Poisson geometry. 

Example 7.14. Let (M,J-) be a compact Riemannian manifold, equipped 
with a Riemannian foliation and a bundle-like metric qm- Let H be the 
orthogonal complement to F = TT . Consider the transverse Laplacian Ah- 
Then the geodesic flow gt of the Riemannian metric can be restricted 
to N*!F, that defines a flow Gt, and the transverse geodesic flow of \/A# is 
given by the induced action of Gt on C^ op (Gj^ N , ITQnI 1 ^ 2 )- 

If T is given by the fibers of a Riemannian submersion / : M — > B, then 
there is a natural isomorphism N^T — > TJ^B, and, under this isomor- 
phism, the transverse geodesic flow Gt on N*!F corresponds to the geodesic 
flow on T*B (cf., for instance, [Til 1153] ) . 

Now we turn to the Egorov theorem for transversally elliptic operators. 
Let £ be a Hermitian vector bundle on M, D G ^(M, E) a formally self- 
adjoint transversally elliptic operator in L 2 (M,E). Suppose that D 2 has 
the scalar principal symbol and the holonomy invariant transversal principal 
symbol. D is essentially self-adjoint with the initial domain C°°(M, E) |113j . 
Therefore, the operator (D) = (D 2 + /) 1 / 2 is well-defined as a positive, self- 
adjoint operator in L 2 (M,E), in addition, its domain contains the Sobolev 
space H l (M,E). 

By the spectral theorem, for any sGl, the operator (D) s = (D 2 + 1) 5 / 2 
is a well-defined positive self-adjoint operator in the space TL = L 2 (M,E), 
which is unbounded for s > 0. For any s > 0, define by 7i s the domain of 
{D) s , and, for s < 0, put 7i s = Let also H°° = ^ S > H S , H' 00 = 

(H°°)*. It is clear that C°°(M, E) C H s for any s. 

Definition 7.15. A bounded operator A in H 00 belongs to £(H -00 , H°°) 
(fC(7i~°°, if, for any s and r, it extends to a bounded (compact) 

operator from 7i s to TF, or, equivalently, the operator {D) r A{D)~ S extends 
to a bounded (compact) operator in L 2 (M,E). 
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Introduce also the class £ 1 {TL~°°, H°°), which consists of all operators of 
class /C(H _oc ,H°°) such that, for any s and r, the operator {D) r A(D)~ S is 
a trace class operator in I? (M, E) . 

It is easily seen that C(Tt~°° ,Tt°°) is an involutive subalgebra in C{TL), 
and the classes K(n~°°, and £ l (H-°°, H°°) are its ideals. Observe that 
any operator with the smooth kernel belongs to the class £ l (TL~°°, Ti°°). 

By the spectral theorem, the operator (D) defines a strongly continuous 
group e lt ( D } of bounded operators in L 2 (M, E). Consider the one-parameter 
group <J>£ of *-automorphisms of the algebra C(L 2 (M,E)), defined as 

$ t (T) = e !i(B) Te- i((D >, T E C(L 2 {M,E)). 

Recall that any scalar operator P E ^ m (M), acting on half-densities, has 
the subprincipal symbol, which is a globally defined, degree m — 1 homoge- 
neous, smooth function on T*M \ 0, given in local coordinates by 

(7 - 6) P ^ = Pm - l ~2ij^d^dli 

Note that = 0, if P is a real self- adjoint differential operator of even 
order. 

Theorem 7.16. Let D E ^' 1 (M, i?) 6e a formally self-adjoint transversally 
elliptic operator in L 2 (M,E) such that D 2 has the scalar principal symbol 
and the holonomy invariant transversal principal symbol. Then: 

(1) for any K E V m ~°°(M, F, E), there is a K{t) E ^ m ~°°{M, J 7 , E) 
such that the family $>t(K) — K(t),t E M, is a smooth family of operators of 
class C^Ti- 00 ^ 00 ). 

(2) If, in addition, E is the trivial line bundle, and the subprincipal symbol 
of D 2 vanishes, then, for any K E ^ /m ' _00 (M, J 7 ) with the principal symbol 
k E S m (Gf N , ITQnI 1 / 2 ) the operator K(t) has the principal symbol k(t) E 
S m (Gr N , {TGnI 1 / 2 ) given by k(t) = F t *(k). 

In j!15j . one proves an analogue of the Duistermaat-Guillemin formula 
|65| for transversally elliptic operators on a compact foliated manifold (M, J-). 
Consider the operator P = \/A in C°°(M), where A satisfies the con- 
ditions (Al) and (A2). It is proved that, for any k E C C °°(G, IT^ 1 / 2 ), 
the trace of R(k) e ttp is well-defined as a distribution on the real line K., 
9 k = tr R{k)e itp E T>'(R). 

As above, let ft denote the transverse bicharacteristic flow on N*^, which 
preserves J 7 ^- We say that v E N*!F is a relatively periodic (with respect 
to J~n) point of the flow / with a relative period t, if ft(v) and v are on the 
same leaf of T^. 

As shown in |115j . the distribution 0^ is smooth outside the set of all 
relative periods 7j, of the transverse bicharacteristic flow ft such that, if 
v E N*T is a corresponding relatively periodic point, then the projection of 
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the point (ft(v), v) G G^ N to G belongs to the support of k (by compactness 
of the support of k, the set 7^ is discrete). Moreover, if the set of relatively 
periodic points with the fixed relative period t is transversally clean (that is 
a natural generalization of the similar notion, introduced in jM])) then one 
can show that 6k has an asymptotic expansion in a neighborhood of t and 
write down a formula for the leading term of this asymptotic expansion. 

8. NONCOMMUTATIVE SPECTRAL GEOMETRY 

8.1. Dimension spectrum. Let {M,T) be a compact foliated manifold. 
We introduce a more general, than in Theorem 16.41 class of spectral triples 
associated with transversally elliptic operators on M. Let: 

(1) A is the algebra C C °°(G); 

(2) H is the Hilbert space L 2 {M,E) of square integrable sections of a 
holonomy equivariant Hermitian vector bundle E, where the action 
of k G A is given by the ^representation Re; 

(3) D is a first order self-adjoint transversally elliptic operator with the 
holonomy invariant transversal principal symbol such that D 2 is self- 
adjoint and has the scalar principal symbol. 

Theorem 8.1. |11.3j The spectral triple (A,T~C, D) described above is a finite- 
dimensional spectral triple of dimension q = codim^ 7 . 

It is easy to see that the spectral triple introduced in Section 16.21 is a 
particular case of the spectral triples constructed in Theorem 18. II 

Recall (see Definition l6.2|) that the notion of dimension of a spectral triple 
(A,Tt, D) is given by the greatest lower bound of all p's such that the oper- 
ator a(D — i)~ l ,a G A, is an operator from the Schatten ideal C p (7i). If we 
look at a geometric space as a union of parts of different dimensions, this 
notion of dimension gives only the maximum of the dimensions of the parts 
of this space. To take into account lower dimensional parts of this geometric 
space, Connes and Moscovici jSUj suggested to consider as a more correct 
notion of dimension not a single real number d, but a subset Sd C C, which 
is called the dimension spectrum of this spectral triple. Recall briefly this 
definition |5Q| ESJ. 

Let (A,H.,D) be a spectral triple. Consider the operator (D) = (D 2 + 
I) 1 ! 2 . Denote by 5 the (unbounded) differentiation on C(7i) given by 

(8.1) 8{T) = [(D), T], TeDom8c£(H). 

Definition 8.2. We say that P G OP Q if and only if P(D)- a G f| n Dom 
In particular, OP = f] Dom 5 n . 

Observe that the classes C{H-°°, H°°), K(H-°° , H°°) and C 1 ^- 00 , H°°) 
introduced in Definition 17.151 belong to the domain of 5 and are invariant 
under the action of 5. Moreover, they are ideals in OP . 

Definition 8.3. We will say that a triple (A,H.,D) is smooth, if, for any 
a G A, we have the inclusions a, [D,a] G OP . 
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The space OP is a smooth algebra (see, for instance, |1()5[ Theorem 1.2]). 
Recall that, for the spectral triple associated with a smooth manifold M, 
OP n C(M) coincides with C°°(M). Therefore, informally speaking, the 
smoothness condition for a spectral triple (A,H.,D) means that A consists 
of smooth functions on the corresponding geometric space. 

Let (A, TL-, D) be a smooth spectral triple. Denote by B the algebra gen- 
erated by all elements of the form 5 n (a), where a £ A and n G N. Thus, B 
is the smallest subalgebra in OP , which contains A and is invariant under 
the action of 5. 

Definition 8.4. A spectral triple (A, 7i, D) has the discrete dimension spec- 
trum Sd C C, if Sd is a discrete subset in C, the triple is smooth, and, for 
any b £ B, the distributional zeta-function Cb(z) of (D) given by 

C b (z) = tr b{D)-\ 

is defined in the half-plane {z G C : Rez > d} and extends to a holomorphic 
function on C\Sd such that the function T(z)Cb(z) is rapidly decreasing on 
the vertical lines z = s + it for any s with Re s > 0. 

The dimension spectrum is said to be simple, if the singularities of Cb( z ) 
at z G Sd are at most simple poles. 

Example 8.5. Let M be a compact manifold of dimension n, £ a vector 
bundle on M and D G VP (M, £) a self-adjoint elliptic operator. Then the 
triple (C°°(M), L 2 (M,£), D) is a smooth n-dimensional spectral triple. The 
algebra B is contained in the algebra VT/°(M, £) of zero order pseudodiffer- 
ential operators. For an operator P G fy m (M, £), m G Z, the function 
z — > tr P\D\~ Z has a meromorphic extension to C with at most simple poles 
at integer points k, k < m + n. The residue of this function at z = 
coincides with the Wodzicki-Guillemin residue t(P) of P (see Section f6.2[) : 

(8.2) restr P\D\~ Z = r(P). 

2=0 

In particular, this spectral triple has the simple discrete dimension spec- 
trum, which is contained in {k G 7L : k < n}. 

An immediate consequence of the technique described in Section [71 in 
particular, of Theorem 17. 121 is a description of the dimension spectrum for 
the spectral triples associated with transversally elliptic operators. 

Theorem 8.6. |113j The spectral triple (A, H., D) introduced in Theorem \8.1\ 

has the discrete dimension spectrum Sd ; which is contained in {v G N : v < 
q} and is simple. 

8.2. Noncommutative pseudodifferential calculus. Since the algebra 
A for the spectral triples associated with transversally elliptic operators on 
a foliated manifold is not unital, it is natural to consider the space MjT to 
be noncompact. Thus, it is necessary to take into account the behavior of 
geometrical objects at "infinity". In |50| 143] . the definition of the algebra 
^*(^4) of pseudodifferential operators is given for a unital algebra A. In 
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this Section, following the paper we introduce the algebra ^q(A), 

which can be considered as an analogue of the algebra of pseudodifferential 
operators on a noncompact manifold, whose symbols vanish at infinity along 
with all the derivatives of an arbitrary order. First, we introduce some 
auxiliary notions. 

Let (A, Ti, D) be a smooth spectral triple. Denote by OPg the space of all 
P G OP such that (D)~ 1 P and P(D)^ 1 are compact operators in 7i. We 
also say that P G OPg, if P(D)- a and (D)- a P belong to OP§. It is easy 
to see that OP °° = f] a OP o coincides with JC(n~°°, W 00 ). If the algebra 
A is unital, then OPg 1 = OP a . 

We will assume that the subalgebra B C C(T~C), generated by the operators 
d n (a),a G A, n G N, is contained in OPg. In particular, this implies that 
(B,H, D) is a spectral triple in the above sense. 

By the definition of a spectral triple, A C OPq. Informally speaking, this 
means that A consists of smooth functions on the corresponding geometric 
space, vanishing at infinity. The condition B C OPq means that elements of 
A vanish at infinity along with all its derivatives of arbitrary order. 

Definition 8.7. We say that an operator P in TC~°° belongs to the class 
^q(A), if it admits an asymptotic expansion: 

+00 

(8.3) P b q -j€B, 

that means that, for any iV 

P - {b q {DY + bg-^D)*- 1 + ... + b- N (D)- N ) G OPq^- 1 . 

Using a slight modification of the proof of Theorem B.l in |5UI Appendix 
B], it can be shown that *$>q(A) is an algebra. 

Example 8.8. For the spectral triple (C°°(M), L 2 (M,£), D) described in 
Example 18.51 the algebra ^q(A) is contained in ^*(M, £). 

Let us give a description of the noncommutative pseudodifferential cal- 
culus for the spectral triples associated with transversally elliptic operators, 
following 

Let (A,H,D) be a spectral triple, constructed in Theorem 18.11 Then it 
is a smooth spectral triple. Moreover, the algebra B in contained in OPg. 
In this case, any element b G B can be written as 

b = B + T, B6*^ 0O (M,f,B) ) Te^r 00 ^ 00 ), 

and the algebra %{A) is contained in ^* s ' c r°° (M , J 7 , E) + OPq N for any N. 

8.3. Noncommutative local index theorem. A spectral triple (A, TC, D) 
defines a Fredholm module (Tt,F) over A (see Section lo\2]) . and, therefore, 
the index map ind : K* (A) — ► C (see the formulas (j4.2p and ()4.3j0 . As 
shown above, this map can be expressed in terms of the pairing with the 
cyclic cohomology class ch*(H,F) G HP* (A), the Chern character of the 
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Fredholm module (Ti.,F) (see the formulas (|5.9|) and (|5.1()jl ). Let us call 
ch*(W, F) the Chern character of the spectral triple (A, H, D) and denote by 
ch* [A, Ti , D) . The formulas 1)5. 9j) and (|5.10j) have a defect, which consists in 
the fact that they give expressions of the map ind in terms of the operator 
traces, but these traces are nonlocal functionals, and it is impossible to 
compute them in coordinate charts. To correct this defect, Connes and 
Moscovici proved another formula for the index map, which involves local 
functionals of Wodzicki-Guillemin residue trace type. 

Suppose that a spectral triple (A, Ti, D) is smooth and has the simple 
discrete dimension spectrum. Recall that B denotes the algebra generated by 
the operators of the form 5 k (a), a € A, k € N. Define the noncommutative 
integral determined by this spectral triple, setting 



(8.4) -lb = res Tr b\D\~ z , be 

J 2 =o 



B. 



The functional ^ is a trace on B, which is local in the sense of noncommuta- 
tive geometry, since it vanishes for any element of B, which is a trace class 
operator in TL. 

Theorem 8.9 ( |5U1 Thm. II. 3]). Suppose that (A,TC,D) is an even spectral 
triple, which is p-summable and has the simple discrete dimension spectrum. 
Then: 

(1) The following formulas define an even cocycle <^>q M = (y>2fc) ^ n the 
(b, B)-bicomplex of A. For k = 0, 

(8.5) <Po(a°) = res z^tr ^a°\D\- z , 

2 = 

whereas for k ^ 0, 

(8.6) 

^ 2fc (a°, . . . ,a 2fc ) = CM -flAD^ ■ ■ ■ [D, a 2k }^ \D\~^+ k \ 



where 



Cfe,, 



(-l)W2r(|a| +k) 



a\(ai + !)••• (ai H h a 2 fc + 2&) 



and the symbol T^l denotes the j-th iterated commutator with D 2 . 
(2) The cohomology class defined by VcM ^ n HP ev (A) coincides with 

cK(a,h,d). 

Theorem 8.10 ( 50, Thm. II. 2]). Suppose that (A,Tt, D) is a spectral triple, 
which is p-summable and has the simple discrete dimension spectrum. Then: 



82 YURI A. KORDYUKOV 

.odd 



(1) There is defined an odd cocycle f^M = (V2fc+i) ^ n the (b, B)-bicomplex 
of A given by 

1.7) cp2k + i(a°,...,a 2k+1 ) = 

V2i^ Yl c*,a/o°[I) ) a 1 ][ ai J...[i3 ) a^ 1 ]l aa ^J|I>|- 2 tH+*)-i) j 

where 

(-l)l Q lr(|a| +k + \) 



a!(ai + 1) • • • (ax H h a 2fc+ i + 2/c + 1) ' 

(2) T/ie cohomology class defined by m HP odd (A) coincides with 

cK(A,n,D). 

Example 8.11. ( 50, 1151] ^) Let M be a compact manifold of dimension n 
and D a first order, self-adjoint, elliptic, pseudodifferential operator on M, 
acting on sections of a vector bundle £ on M. Then the noncommutative 
integral ^defined by the spectral triple (C°°(M), L 2 (M,£), D) coincides 
with the residue trace r (see (|fi.4j) ). 

Moreover, in the case when D is the Dirac operator, acting on sections 
of the spin bundle S on a compact spin Riemannian manifold M, in Theo- 
remEU for any /°, f 1 , . . . , f m G C°°(M), when \a\ / 0, we have 

r( 7 /°[L>,/ 1 ][ ai ] ... [ j D ) /n»][a m ]|_ D |-(2|a|+m)j = Qj 

and, when «i = a 2 = • • • = a^fc = 0, 

r( 1 f [D,f 1 ]...[DJ m }\D\- m )=c m [ fdf 1 A...df m AA{R), 

where c m is some constant, and A{R) is the total A-form of the Riemann 

curvature R, A(R) = det ( sh ^/ 2 ) ) 

If dimAf is even, then the spectral triple is even, and the components of 
the corresponding even cocycle (/'cm = {f2k) are given by 

• • • , f k ) = T^T / f° df 1 A . . . df 2k A A{R)^ 2k \ 

where f° , f 1 , . . . , f 2k G C°°(M). 

If dimM is odd, then the spectral triple is odd, and the components of 
the corresponding odd cocycle <Pq M = (f2k+l) are given by 

V 2k+1 {f\...J 2k ) = V^^[^— / fdf 1 A...df k + 1 AA(R)^ k -V, 

(2fc + l)! J M 

where f°,f\..., f 2k+1 G C°°(M). 

In |51j . Connes and Moscovici computed the index of transversally hypoel- 
liptic operators associated with triangular structures on a smooth manifold 
(see Section lo31 in particular, Theorem l6.6|) . using the noncommutative local 
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index theorem, Theorem 18.101 As it was already mentioned in Section [fi. HI 
the study of these spectral triples makes an essential use of the hypoelliptic 
pseudodifferential calculus on Heisenberg manifolds developed by Beals and 
Greiner JOJ- In particular, the noncommutative integral ^determined by 
such a spectral triple coincides with the Wodzicki-Guillemin type residue 
trace r defined on the Beals-Greiner algebra of pseudodifferential operators. 

The direct computation of the index given by Theorem 18 . 101 for the spec- 
tral triples associated with triangular structures on smooth manifolds is 
quite cumbersome even in the one-dimensional case. One gets formulas, in- 
volving thousands terms, most of them give zero contribution. To simplify 
apriori the computations, Connes and Moscovici introduced a Hopf algebra 
7i n of transverse vector fields in M n , which plays a role of the quantum 
symmetry group. They constructed the cyclic cohomology HC*(TC) for an 
arbitrary Hopf algebra 7i and a map 

HC*(H n ) -> HC*{C™(P) x T). 

Moreover, they showed that the cyclic cohomology HC*(TC n ) are canonically 
isomorphic to the Gelfand-Fuchs cohomology H*(W n , SO(n)). Therefore, it 
is defined a characteristic homomorphism 

X*so(n) ■ H*(W n ,SO(n)) - HP*(C™(P) x T). 

The following theorem is the main result of [SJ (cf. also and the 
survey |168| ) 

Theorem 8.12. Let (A,Tl,D) be the spectral triple introduced in Theo- 
rem^ The Chern character ch* (A,TC, D) £ HP*(C°°(PW) x T) is the 
image of an universal class C n S H*(W n ,SO(n)) under the characteristic 
homomorphism X*so(n) : 

cK(A,H,D)= X *so { n)(£n). 

There is one more computation, illustrating the Connes-Moscovici local 
index theorem, which is given in |148j . Let S be a closed Riemann sur- 
face and T a discrete pseudogroup of local conformal maps of £ without 
fixed points. Using methods of (SJ (the bundle of Kaehler metrics P on S, 
hypoelliptic operators, Hopf algebras), in |148j a spectral triple, which a gen- 
eralization of the classical Dolbeaut complex to this setting, is constructed. 
The Chern character of this spectral triple as a cyclic cocycle on the crossed 
product C£°(E) x T is computed in terms of the fundamental class [E] and of 
a cyclic 2-cocycle, which is a generalization of the Poincare dual class to the 
Euler class. This formula can be considered as a noncommutative version 
of the Riemann-Roch theorem. 

A Hopf algebra of the same type as the algebra TL\ was constructed by 
Kreimer |117j for the study of the algebraic structure of the perturbative 
quantum field theory. This connection was elaborated further in |47[ 148 [ 
l4"9] . One should also mention the papers by Connes and Moscovici (SSI 02] 
on modular Hecke algebras, where, in particular, it is shown that such an 



81 



YURI A. KORDYUKOV 



important algebraic structure on the modular forms as the Rankin-Cohen 
brackets has a natural interpretation in the language of noncommutative 
geometry in terms of the Hopf algebra 7i\. 

8.4. Noncommutative geodesic flow. Let a spectral triple (A,H.,D) be 
given. We will also suppose that the subalgebra B C B(H), generated by 
the operators 5 n (a),a G A, n G N, is contained in OP[}. 

Put C = OP^f]^* (A). Let C be the closure of C in C{H). For any 
T E £(H), define 

(8.8) a t {T) = e it{D) Te-' lt{D \ t G R. 

As usual, K, denotes the ideal of compact operators in Ji. 

Definition 8.13. For the spectral triple (A,TC,D), the unitary cotangent 
bundle S*A is defined as the quotient of the C*-algebra, generated by the 
union of all spaces of the form at (Co) with t G M and of /C, by its ideal fC. 

Definition 8.14. For the spectral triple (A,Tl,D), the noncommutative 
geodesic flow is the one-parameter group at of automorphisms of the algebra 
S*A defined by 

Example 8.15. As shown in 43 using the classical Egorov theorem, for the 
spectral triple (A,TC,D) associated with a compact Riemannian manifold 
(M, g), the C*-algebra S*A is canonically isomorphic to the algebra C(S*M) 
of continuous functions on the cosphere bundle to M, S*M = {(x,£) G 
T*M : ||£|| = 1}. Moreover, the one-parameter group at is given by the 
natural action of the geodesic flow on C(S*M). 

Some examples of the computation of the noncommutative geodesic flow 
can be found in |75] . 

Theorem 17.161 allows to give a description of the noncommutative flow 
defined by a spectral triple associated with a Riemannian foliation in the case 
when E is the trivial line bundle (see |116j ). Thus, suppose that (M, T) is a 
compact foliated manifold and a spectral triple (A,7i., D) is of the following 
form: 

(1) The involutive algebra A is the algebra C C °°(G, \TG\ 1 / 2 ); 

(2) The Hilbert space TL is the space L 2 (M) with the action of A given 
by the ^representation R; 

(3) The operator D is a first order, self-adjoint, transversally elliptic 
operator with the holonomy invariant transversal principal symbol 
such that the subprincipal symbol of D 2 vanishes. 

Theorem 8.16. For the given spectral triple, the transverse bicharacteristic 
flow F£ of (D) extends by continuity to a strongly continuous one-parameter 
group of automorphisms of the algebra S (Gj^ N , \TQn\ 1 / 2 ), and there is a 
*-homomorphism P : S*A — * S°(G^ n ,\TGn\ 1 ^ 2 ) such that the following 
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diagram commutes: 

S*A — S*A 

(8.9) 

S°(Gr N ,\Tg N \V 2 ) -2- S°(Gr N ,\Tg N \ 1/2 ) 

8.5. Transversal Laplacian and noncommutative diffusion. In this 
Section, we describe the results of Sauvageot [1641 I165j on the existence 
and properties of the noncommutative diffusion defined by the transversal 
Laplacian on the C*-algebra of a Riemannian foliation. 

Let (M, J-) be a compact manifold equipped with a Riemannian foliation, 
g a bundle-like metric, H = F^. Recall that the transverse differential 
dn '■ ~~ * ^oo nas been defined in Section 15.31 Denote by L 2 £l l the 
Hilbert completion VL 1 ^ = C™(G,r* N*F <g> \Tg\ 1 / 2 ) in the inner product 

(uJi,uj 2 ) L 2 n i = tvjr ((ui,U2)c*{G)) = / ( w i(7),^2(t))jv; (t) ^^(7), 

" G 

where trjp denotes the trace on the von Neumann algebra W*(M, T) defined 
by the transverse Riemannian volume form, and alv is the transverse Rie- 
mannian volume form on G. Consider the operator dn as a densely defined 
operator from the Hilbert space L 2 Q° = L 2 (G) to the Hilbert space 
Then, by Lemma 5.1.1 in |165j . the operator dn is closable, belongs to 
the domain of the adjoint d* H (the transversal divergence operator) and the 
transversal Laplacian 

A H = d* H d H 

is defined on O^, = C^°(G,\Tg\ 1 / 2 ). The operator Ah is a positive, self- 
adjoint operator in L 2 (G). Therefore, it generates a strongly continuous 
one-parameter operator semigroup e~ l ^ H in L 2 (G). 

Let M be a two-sided ideal of the von Neumann algebra W*(M, J 7 ) defined 

as 

M = {ke W*{M,F) : trjp (k*k) < oo}. 

There is a natural isometric embedding of the ideal J\f to L 2 (G), denoted 
by A and satisfying the condition 

A(R(k)) = k, k G C™{G). 

Using the results of 1621 1163] . Sauvageot |164M165] showed the existence 
of an one-parameter semigroup {$£ : t > 0} of normal, completely positive 
contractions of the von Neumann algebra W*(M,J-), mapping M to itself 
and satisfying the condition 

A($ t (*0) = e~ tAn A(fe), k£Af. 

Moreover, the C*-algebra of the foliation C*{G) is invariant under the action 
of $ t : $ t (CZ(G)) C C*(G) for any t > 0. Finally, it is proved in QUI EE] 
that {&t '■ t > 0} is a Markov semigroup, that is, 
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• for any state p on C*.{G) and for any t > 0, p o $ t is a state on 
C* r (G); 

or, equivalently, 

• for any t > 0, we have 

*t(l) = 1, 

where 1 is the unit in the von Neumann algebra VK*(M, J 7 ). 

8.6. Adiabatic limits and semiclassical Weyl formula. Let (M, .F) be 

a closed foliated manifold, dimM = n, dim J 7 = p, p + q = n, endowed with 
a Riemannian metric gu- Let F = TT be the tangent bundle to T and 
H = F 1 - the orthogonal complement of F. Thus, the tangent bundle TM 
is represented as the direct sum: 

(8.10) TM = F0H. 

The decomposition (|8.1U|) induces the decomposition of the metric gu = 
9f + 9h- Define a one-parameter family g^ of Riemannian metrics on M by 



(8.11) 9h = 9F + h- 2 g H , 0<h<l. 

For any h > 0, consider the Laplace operator on differential forms defined 
by 9h- 

A h = d* gh d + dd* gh , 

where d : C°°(M,A k T*M) -» C°°(M, A fc+1 T*M) is the de Rham differen- 
tial, d* h is the adjoint of d with respect to the inner product in C°°(M, AT*M) 
defined by gh- is a self-adjoint, elliptic, differential operator with the 
positive, scalar principal symbol in the Hilbert space L 2 (M, AT* M, g^) of 
square integrable differential forms on M, endowed with the inner product 
induced by gh, which has discrete spectrum. 

In |114j . the asymptotic behavior of the trace of /(A^) when h — * was 
studied for any / G Such asymptotic limits are called adiabatic limits 

after Witten. 

Recall that the decomposition H8.1UJI induces a bigrading on AT*M by 

k 

(8.12) A ; 'V.\/ Q)\ i h ' /" M. A i ' j T*M = A i F*(g)A j H*. 

i=0 

Introduce a bounded operator in L 2 (M,AT*M) by the formula 

(8.13) e h u = h j u, u£L 2 (M,A ,j rM l9/l ). 

It is easy to see that @h is an isomorphism of Hilbert spaces L 2 (M, AT*M, g^) 
and L 2 (M, AT*M, g). Using 0^, one can transfer our considerations in the 
fixed Hilbert space L 2 (M,AT*M,g). The operator A h considered as an op- 
erator in L 2 (M, AT* M, gh) corresponds by the isometry O/j to the operator 

L h = Qh^h&h 1 
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in L 2 (M, AT*M) = L 2 (M, AT* M, g). 

We will use the notation introduced in Section 12.71 One can show that 
d h = QhdQ^ 1 = d F + hd H + h 2 6, and the adjoint of d h in L 2 (M, AT*M) is 
5 h = QhdQ^ 1 = 5f + h6ff + h 2 9*. Therefore, one has 

L h = d h 5 h + S h d h 

= A F + h 2 A H + /i 4 A_ li2 + hKi + h 2 K 2 + h 3 K 3 . 

Suppose that J 7 is a Riemannian foliation and qm is a bundle-like metric. 
Then K\ G D°' 1 (M, F, AT*M). Due to this fact, one can show that the 
leading term of the asymptotic of the trace of /(A^) or, that is the same, of 
the trace of f(Lh) as h — ► coincides with the leading term of the asymptotic 
of the trace of f{Lh) as h — > 0, where 

L h = A F + h 2 A H . 

Observe that the operator Lh can be considered as a Schrodinger operator 
on the leaf space M/J 7 , where Ah plays a role of the Laplace operator, and 
Ap a role of the operator- valued potential on M/T. 

Recall that in the case of a Schrodinger operator on a compact man- 
ifold M with the operator-valued potential V G C°°(M, C(H)), where H is 
a finite-dimensional Euclidean space and V{x)* = V{x) 

H h = -h 2 A + V(x), x£M, 

the corresponding asymptotic formula (the semiclassical Weyl formula) has 
the following form: 

(8.14) trf(H h ) = (2nr n h- n [ Tr f(p(x,0) dxd(,+o{hr n ), - 0+, 

Jt*m 

where p(x,£) is the operator-valued principal /i-symbol of H^: 

p(x,0 = \Z\ 2 + V(x), (*,£)€ T*M. 

It turns out that the asymptotic formula for the trace of /(A/J can be 
written in a form, similar to (|8.14[) . using the language of noncommutative 
geometry. For this, it is necessary, in particular, to replace the usual inte- 
gration over T*M and the fiberwise trace Tr by the integration in the sense 
of the noncommutative integration theory given by the trace tr^ on the 
twisted von Neumann algebra W* {N* F , F N , tt* AT* M) . 

Let us call by the principal /i-symbol of Ah the tangentially elliptic oper- 
ator cr h (A h ) : C°°(N*F,ir*AT*M) -► C°° (N* F , n* AT* M) on the foliated 
manifold (N*F, Fn) given by 

a h (A h ) = Ajr N +g N , 

where 

• Aj^ N is the lift of Ap to a tangentially elliptic operator A^ on the 
foliated manifold (N*T,T N ), acting in C 00 (N*J r , n*AT*M); 
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• gN is the multiplication operator by g^ £ C co {N*J : ), where g at is 
the Riemannian metric on N*T, induced by the Riemannian metric 
on M. (Observe that g^ coincides with the transversal principal 
symbol of Ah) 

We will consider o~h(Ah) as a family of elliptic operators along the leaves 
of the foliation Tm- For any function / G C£°(R), the operator /(cr^(A^)) 
belongs to the C*-algebra C*(N*J r ,F N ,ir*AT*M). Moreover, the trans- 
verse Liouville measure for the symplectic foliation (Fpj defines a trace tr^ 
on the C*-algebra C*(N*(F, Tn, tt*AT*M), and the value of this trace on 
f(a h (A h )) is finite. 

Theorem 8.17 ( |114j ). For any function f G C£°(R), i/ie asymptotic for- 
mula holds: 

tr /(A ft ) = (27r)-9/»-9 tr^ /K(A h )) + o(/r«), - 0. 
References 

[1] M. F. Atiyah. K-Theory (Lectures by M. F. Atiyah). Harvard University Press, 

Cambridge, Massachusets, 1965. 
[2] M. F. Atiyah. Global theory of elliptic operators. In Proc. of the Intern. Con}, on 

Functional Analysis and Related Topics (Tokyo, 1969), p. 21-30, Univ. of Tokyo 

Press, Tokyo, 1970. 

[3] M. F. Atiyah and R. Bott. A Lefschetz fixed point formula for elliptic complexes. I. 

Ann. of Math. 86 (1967), 374-407. 
[4] M. F. Atiyah and I. Singer. The index of elliptic operators. I. Ann. of Math. 87 

(1968), 484-530. 

[5] M. F. Atiyah and I. Singer. The index of elliptic operators. IV. Ann. of Math. 93 
(1971), 119-138. 

[6] S. Baaj and P. Julg. Theorie bivariante de Kasparov et operateurs non bornes dans 
les C*-modules hilbertiens. C. R. Acad. Sci. Pans Ser. I Math. 296 (1983), 875-878. 
[7] H. Bass. Algebraic K-theory. W. A. Benjamin, New York and Amsterdam, 1968. 
[8] P. Baum and A. Connes. Geometric if-theory for Lie groups and foliations. Enseign. 

Math. (2) 46 (2000), 3-42. 
[9] P. Baum and R. G. Douglas. K homology and index theory. In Operator algebras 
and applications, Part I (Kingston, Ont., 1980), Proc. Sympos. Pure Math. Vol. 38, 
p. 117-173. Amer. Math. Soc, Providence, R.I., 1982. 
[10] R. Beals and P. Greiner. Calculus on Heisenberg manifolds, Annals of Math. Studies, 

Vol. 119. Princeton Univ. Press, Princeton, 1988. 
[11] M.-T. Benameur. Theoreme de Lefschetz cyclique. C. R. Acad. Sci. Paris Ser. I 

Math. 320 (1995), 1311-1314. 
[12] M.-T. Benameur. A longitudinal Lefschetz theorem in A'-theory. K-Theory 12 
(1997), 227-257. 

[13] M.-T. Benameur. Cyclic cohomology and the family Lefschetz theorem. Math. Ann. 
323 (2002), 97-121. 

[14] M.-T. Benameur. A higher Lefschetz formula for fiat bundles. Trans. Am. Math. 

Soc. 355 (2003), 119-142. 
[15] N. Berline, E. Getzler, and M. Vergne. Heat Kernels and the Dirac Operator, Grundl. 

der Math. Wiss. Vol. 298. Springer, Berlin, 1992. 
[16] I. N. Bernshtem and B. I. Rosenfeld. Homogeneous spaces of infinite-dimensional 

Lie algebras and the characteristic classes of foliations. Uspehi Mat. Nauk 28, no. 4 

(1973), 103-138. 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



89 



[17] I. N. Bernshtem and B. I. Rozenfcld. Characteristic classes ol foliations. Funkcional. 
Anal, i Prilozen. 6, no. 1, (1972), 68-69. 

[18] J.-M. Bismut. The Atiyah-Singer index theorem for families of Dirac operators: Two 
heat equation proofs. Invent. Math. 83 (1985), 91-151. 

[19] B. Blackadar. K -theory for operator algebras, Mathematical Sciences Research In- 
stitute Publications Vol. 5. Cambridge University Press, Cambridge, 1998. 

[20] J. Block and E. Getzler. Quantization of foliations. In Proceedings of the XXth 
International Conference on Differential Geometric Methods in Theoretical Physics, 
Vol. 1, 2 (New York, 1991), p. 471-487, World Sci. Publishing. River Edge, NJ, 
1992. 

[21] J. Bost. Principe d'Oka, Tf-theorie et systemes dynamiques non commutatifs. Invent. 
Math. 101 (1990), 261-333. 

[22] R. Bott. On topological obstructions to integrability. In Actes du Congres Interna- 
tional des Mathematiciens (Nice, 1970), Tome 1, p. 27-36. Gauthier-Villars, Paris, 
1971. 

[23] R. Bott. Lectures on characteristic classes and foliations. Notes by Lawrence Conlon, 

with two appendices by J. Stasheff. In Lectures on algebraic and differential topology 

(Second Latin American School in Math., Mexico City, 1911). Lecture Notes in 

Math., Vol. 279, p. 1-94. Springer, Berlin, 1972. 
[24] R. Bott and A. Haefiiger. On characteristic classes of P-foliations. Bull. Amer. Math. 

Soc. 78 (1972), 1039-1044. 
[25] J. Brodzki. An introduction to K-theory and cyclic cohomology. Advanced Topics in 

Mathematics. PWN — Polish Scientific Publishers, Warsaw, 1998. 
[26] L. G. Brown, P. Green, and M. A. Rieffel. Stable isomorphism and strong Morita 

equivalence of C*-algebras. Pacific J. Math. 71 (1977), 349-363. 
[27] J.-L. Brylinski and V. Nistor. Cyclic cohomology of etale groupoids. K-Theory 8 

(1994), 341-365. 

[28] C. Camacho and A. Lins Neto. Geometric theory of foliations. Birkhauser Boston 
Inc., Boston, MA, 1985. 

[29] A. Candel and L. Conlon. Foliations. I, Graduate Studies in Mathematics. Vol. 23. 
American Mathematical Society, Providence, RI, 2000. 

[30] A. Candel and L. Conlon. Foliations. II, Graduate Studies in Mathematics. Vol. 60. 
American Mathematical Society, Providence, RI, 2003. 

[31] A. Cannas da Silva and A. Weinstein. Geometric models for noncommutative alge- 
bras, Berkeley Mathematics Lecture Notes, Vol. 10. American Mathematical Society, 
Providence, RI, 1999. 

[32] Y. Carriere. Flots riemanniens. In Transversal structure of foliations (Toulouse, 

1982). Asterisque 116 (1984), 31-52. 
[33] A. Connes. The von Neumann algebra of a foliation. In Mathematical problems in 

theoretical physics (Proc. Internat. Confi, Univ. Rome, Rome, 1977), Lecture Notes 

in Phys. Vol. 80, p. 145-151. Springer, Berlin, 1978. 
[34] A. Connes. Sur la theorie non commutative de l'integration. In Algebres d'operateurs 

(Sem., Les Plans-sur-Bex, 1978), Lecture Notes in Math. Vol. 725, p. 19-143. 

Springer, Berlin, 1979. 
[35] A. Connes. C* algebres et geometrie different ielle. C. R. Acad. Sci. Paris Ser. A-B 

290 (1980), A599-A604. 
[36] A. Connes. An analogue of the Thorn isomorphism for crossed products of a C* 

algebra by an action of R. Adv. in Math. 39 (1981), 31-55. 
[37] A. Connes. A survey of foliations and operator algebras. In Operator algebras and 

applications, Part I (Kingston, Ont, 1980), Proc. Sympos. Pure Math. Vol. 38, p. 

521-628. Amer. Math. Soc, Providence, R.I., 1982. 



90 



YURI A. KORDYUKOV 



[38] A. Connes. Cyclic cohomology and the transverse fundamental class of a foliation. In 

Geometric methods in operator algebras (Kyoto, 1983), Pitman Res. Notes in Math. 

Vol. 123, p. 52-144. Longman, Harlow, 1986. 
[39] A. Connes. Noncommutative differential geometry. Publ. Math. 62 (1986), 41-144. 
[40] A. Connes. The action functional in non-commutative geometry. Commun. Math. 

Phys. 117 (1988), 673-683, . 
[41] A. Connes. Compact metric spaces, Fredholm modules and hyperfiniteness. Ergodic 

Theory Dynam. Systems 9 (1989), 207-220. 
[42] A. Connes. Noncommutative geometry. Academic Press Inc., San Diego, CA, 1994. 
[43] A. Connes. Geometry from the spectral point of view. Lett. Math. Phys. 34 (1995), 

203-238. 

[44] A. Connes. Gravity coupled with matter and the foundation of non commutative 
geometry. Commun. Math. Phys. 182 (1996), 155-176. 

[45] A. Connes. Noncommutative geometry — year 2000. Geom. Fund. Anal, Special 
Volume, Part II (2000), 481-559. 

[46] A. Connes. Cyclic cohomology, noncommutative geometry and quantum group sym- 
metries. In Noncommutative geometry, Lecture Notes in Math., Vol. 1831, p. 1—71. 
Springer, Berlin, 2004. 

[47] A. Connes and D. Kreimer. Hopf algebras, renormalization and noncommutative 
geometry. Commun. Math. Phys. 199 (1998), 203-242. 

[48] A. Connes and D. Kreimer. Renormalization in quantum field theory and the 
Riemann-Hilbert problem I: The Hopf algebra structure of graphs and the main 
theorem. Commun. Math. Phys. 210 (2000), 249-273. 

[49] A. Connes and D. Kreimer. Renormalization in quantum field theory and the 
Riemann-Hilbert problem II: The /3-function, diffcomorphisms and the renormal- 
ization group. Commun. Math. Phys. 216 (2001), 215-241. 

[50] A. Connes and H. Moscovici. The local index formula in noncommutative geometry. 
Geom. Fund. Anal. 5 (1995), 174-243. 

[51] A. Connes and H. Moscovici. Hopf algebras, cyclic cohomology and the transverse 
index theorem. Commun. Math. Phys. 198 (1998), 199-246. 

[52] A. Connes and H. Moscovici. Differentiable cyclic cohomology and Hopf algebraic 
structures in transverse geometry. In Essays on geometry and related topics, Vol. 1, 
2, Monogr. Enseign. Math. Vol. 38, p. 217-255. Enseignement Math., Geneva, 2001. 

[53] A. Connes and H. Moscovici. Modular Hecke algebras and their Hopf symmetry. 
Moscow Math. Journal 4 (2004), 67-109. 

[54] A. Connes and H. Moscovici. Rankin- Cohen brackets and the Hopf algebra of trans- 
verse geometry. Moscow Math. Journal A (2004), 111-130. 

[55] A. Connes and G. Skandalis. The longitudinal index theorem for foliations. Publ. 
Res. Inst. Math. Set. 20 (1984), 1139-1183. 

[56] A. Connes and M. Takesaki. The flow of weights on factors of type III. Tohoku Math. 
J. 29 (1977), 473-575. 

[57] M. Crainic. Cyclic cohomology of etale groupoids: the general case. K -Theory 17 
(1999), 319-362. 

[58] M. Crainic and I. Moerdijk. A homology theory for etale groupoids. J. Reine Angew. 

Math. 521 (2000), 25-46. 
[59] M. Crainic and I. Moerdijk. Foliation groupoids and their cyclic homology. Adv. 

Math. 157 (2001), 177-197. 
[60] M. Crainic and I. Moerdijk. Cech-De Rham theory for leaf spaces of foliations. Math. 

Ann. 328 (2004), 59-85. 
[61] J. Dixmier. Existence de traces non normales. C.R. Acad. Sci. Paris Ser A-B 262 

(1996), A1107-A1108. 

[62] J. Dixmier. Les C* -algebres et lews representations. Deuxieme edition. Cahiers Sci- 
entifiques, Fasc. XXIX. Gauthier-Villars Editeur, Paris, 1969. 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



91 



[63] R. G. Douglas, S. Hurder, and J. Kaminker. Cyclic cocycles, renormalization and 

eta invariants. Invent Math. 103 (1991), 101-181. 
[64] R. G. Douglas, S. Hurder, and J. Kaminker. The longitudinal cocycle and the index 

of the Toeplitz operators. J. Fund. Anal. 101 (1995), 120-144. 
[65] J. J. Duistermaat and V. Guillemin. The spectrum of positive elliptic operators and 

periodic bicharacteristics. Invent. Math. 29 (1975), 39-79. 
[66] Yu. V. Egorov. The canonical transformations of pseudodifferential operators. Uspehi 

Mat. Nauk 24, no. 5 (1969), 235-236. 
[67] Ch. Ehresmann. Structures feuilletees. In Proc. 5th Canad. Math. Congr. Montreal. 

(1961), p. 109-172. Univ. Toronto Press, Toronto, 1963. 
[68] T. Fack and G. Skandalis. Sur les representations et ideaux de la C*-algebre d'un 

feuilletage. J. Operator Theory & (1982), 95-129. 
[69] E. Fedida. Sur les feuilletages de Lie. C. R. Acad. Sci. Paris. Ser. A-B 272 (1971), 

A999-A1001. 

[70] D. B. Fuchs. Cohomology of infinite- dimensional Lie algebras. Contemporary Soviet 

Mathematics. Consultants Bureau, New York, 1986. 
[71] M. Gerstenhaber. The cohomology structure of an associative ring. Ann. of Math. 

78 (1963), 267-288. 

[72] E. Getzler. The odd Chern character in cyclic homology and spectral flow. Topology 
32 (1993), 489-507. 

[73] C. Godbillon. Cohomologies d'algebres de Lie de champs de vecteurs formels. In 

Seminaire Bourbaki, 25eme annee (1972/1973), Exp. No. £21, Lecture Notes in 

Math. Vol. 383, p. 69-87. Springer, Berlin, 1974. 
[74] C. Godbillon. Feuilletages. Etudes geometriques Progress in Mathematics. Vol. 98. 

Birkhauser Verlag, Basel, 1991. 
[75] F. Golse and E. Leichtnam. Applications of Connes' geodesic flow to trace formulas 

in noncommutative geometry. J. Fund. Anal. 160 (1998), 408-436. 
[76] A. Gorokhovsky. Characters of cycles, equivariant characteristic classes and Fred- 
holm modules. Commun. Math. Phys. 208 (1999), 1-23. 
[77] A. Gorokhovsky. Secondary characteristic classes and cyclic cohomology of Hopf 

algebras. Topology 41 (2002), 993-1016. 
[78] A. Gorokhovsky and J. Lott. Local index theory over etale groupoids. J. Reine und 

Angew. Math. 560 (2003), 151-198. 
[79] A. Gorokhovsky and J. Lott. Local index theory over foliation groupoids. Preprint 

math.DG/0407246 2004; to appear in Adv. Math. 
[80] M. J. Gotay. On coisotropic imbeddings of presymplectic manifolds. Proc. Amer. 

Math. Soc. 84 (1982), 111-114. 
[81] J. M. Gracia-Bondfa, J. C. Varilly, and H. Figueroa. Elements of noncommutative 

geometry. Birkhauser Advanced Texts: Basler Lehrbiicher. Birkhauser Boston Inc., 

Boston, MA, 2001. 

[82] A. Guichardet. Cohomologie des groupes topologiques et des algebres de Lie, Textes 

Mathematiques. Vol. 2. CEDIC, Paris, 1980. 
[83] V. Guillemin. A new proof of Weyl's formula on the asymptotic distribution of 

eigenvalues. Adv. Math. 55 (1985) 131-160. 
[84] V. Guillemin. Gauged Lagrangian distributions. Adv. Math. 102 (1993), 184-201. 
[85] V. Guillemin. Residue traces for certain algebras of Fourier integral operators. J. 

Fund. Anal. 115 (1993), 391-417. 
[86] V. Guillemin and S. Sternberg. Geometric Asymptotics. American Mathematical 

Society, Providence, R. I., 1977. 
[87] V. Guillemin and S. Sternberg. Some problems in integral geometry and some related 

problems in microlocal analysis. Amer. J. Math. 101 (1979), 915-959. 
[88] A. Haefliger. Varietes feuilletes. Ann. Scuola Norm. Sup. Pisa 16 (1962), 367-397. 



92 YURI A. KORDYUKOV 

[89] A. Haefliger. Homotopy and integrability. In Manifolds-Amsterdam 1970 (Proc. 
Nuffic Summer School), Lecture Notes in Math., Vol. 197, p. 133-163. Springer, 
Berlin, 1971. 

[90] A. Haefliger. Sur les classes caracteristiques des feuilletages. In Seminaire Bourbaki, 
24eme annee (1971/1972), Exp. No. 412, Lecture Notes in Math., Vol. 317. p. 239- 
260. Springer, Berlin, 1973. 

[91] A. Haefliger. Differential cohomology. In Differential topology (Varenna, 1976), p. 
19-70. Liguori, Naples, 1979. 

[92] A. Haefliger. Groupoi'des d'holonomie et classifiants. In Transversal structure of fo- 
liations (Toulouse, 1982). Asterisque 116 (1984), 70-97. 

[93] G. Hector. Groupoi'des, feuilletages et C*-algebres (quelques aspects de la conjecture 
de Baum-Connes). In Geometric study of foliations (Tokyo, 1993), p. 3-34. World 
Sci. Publishing, River Edge, NJ, 1994. 

[94] J. L. Heitsch. Bismut superconnections and the Chern character for Dirac operators 
on foliated manifolds. K-Theory 9 (1995), 507-528. 

[95] J. L. Heitsch and C. Lazarov. A Lefschetz theorem for foliated manifolds. Topology 
29 (1990), 127-162. 

[96] J. L. Heitsch and C. Lazarov. Rigidity theorems for foliations by surfaces and spin 

manifolds. Michigan Math. J. 38 (1991), 285-297. 
[97] J. L. Heitsch and C. Lazarov. A general families index theorem. K-Theory 18 (1999), 

181-202. 

[98] N. Higson and J. Roe. Analytic K -Homology. Oxford Mathematical Monographs. 

Oxford University Press, Oxford, 2000. 
[99] M. Hilsum and G. Skandalis. Stabilite des C*-algebres de feuilletages. Ann. Inst. 

Fourier (Grenoble) 33 (1983), 201-208. 
[100] M. Hilsum and G. Skandalis. Morphismes Tf-orientes d'espaces de feuilles et fonc- 

torialite en theorie de Kasparov. Ann. scient. Ec. Norm. Sup. 20 (1987), 325-390. 
[101] L. Hormander. The analysis of linear partial differential operators. Ill, Grundlehren 

der Mathematischen Wissenschaften, Vol. 274. Springer- Verlag, Berlin, 1994. 
[102] L. Hormander. The analysis of linear partial differential operators. IV, Grundlehren 

der Mathematischen Wissenschaften. Vol. 275. Springer- Verlag, Berlin, 1994. 
[103] S. Hurder and A. Katok. Secondary classes and transverse measure theory of a 

foliation. Bull. Amer. Math. Soc. (N.S.) 11 (1984), 347-350. 
[104] K. K. Jensen and K. Thomsen. Elements of K K -theory. Mathematics: Theory & 

Applications. Birkhauser Boston Inc., Boston, MA, 1991. 
[105] R. Ji. Smooth dense subalgebras of reduced group C*-algebras, Schwartz cohomology 

of groups, and cyclic cohomology. J. Fund. Anal. 107 (1992), 1-33. 
[106] F. Kamber and P. Tondeur. Characteristic invariants of foliated bundles. 

Manuscripta Math. 11 (1974), 51-89. 
[107] F. Kamber and Ph. Tondeur. Foliated bundles and characteristic classes, Lecture 

Notes in Mathematics. Vol. 493. Springer, Berlin, 1975. 
[108] M. Karoubi. K-theory. Springer- Verlag, Berlin, 1978. 
[109] M. Karoubi. Homologie cyclique et A'-theorie. Asterisque Vol. 149, 1987. 
[110] G. G. Kasparov. Topological invariants of elliptic operators. I. A'-homology. Izv. 

Akad. Nauk SSSR Ser. Mat. 39, no. 4 (1975), 796-838. 
[Ill] Sh. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. II. In- 

terscience Tracts in Pure and Applied Mathematics, No. 15 Vol. II. Interscience 

Publishers John Wiley & Sons, Inc., New York-London-Sydney, 1969. 
[112] A. Konechny and A. Schwarz. Introduction to M(atrix) theory and noncommutative 

geometry. Phys. Rep. 360 (2002), 353-465. 
[113] Yu. A. Kordyukov. Noncommutative spectral geometry of Riemannian foliations. 

Manuscripta Math. 94 (1997), 45-73. 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



93 



Yu. A. Kordyukov. Adiabatic limits and spectral geometry of foliations. Math. Ann. 
313 (1999), 763-783. 

Yu. A. Kordyukov. The trace formula for transversally elliptic operators on Rie- 
mannian foliations. St. Petersburg Math. J. 12, no. 3 (2001), 407-422. 
Yu. A. Kordyukov. Egorov's theorem for transversally elliptic operators on foliated 
manifolds and noncommutative geodesic flow. Math. Phys. Anal. Geom. 8 (2005), 
97- 119. 

D. Kreimer. On the Hopf algebra structure of perturbative quantum field theories. 
Adv. Theor. Math. Phys. 2 (1998), 303 - 334. 

E. C. Lance. Hilbert C -modules. A toolkit for operator algebraists. London Math- 
ematical Society Lecture Note Series. Vol. 210. Cambridge University Press, Cam- 
bridge, 1995. 

G. Landi. An introduction to noncommutative spaces and their geometries, Lecture 
Notes in Physics. New Series m: Monographs. Vol. 51. Springer- Verlag, Berlin, 1997. 
P. Libermann and C.-M. Marie. Geometry and Analytical Mechanics. Reidel, Dor- 
drecht, 1987. 

A. Lichnerowicz. Varietes symplectiques et dynamique attachee a une sous variete. 
C. R. Acad. Sc. Paris 280 (1975), 523-527. 

A. Lichnerowicz. Les varietes de Poisson et leurs algebres de Lie associees. J. Diff. 
Geom. 12 (1977), 253-300. 

J.-L. Loday. Cyclic homology, Grundlehren der Mathematischen Wissenschaften. 
Vol. 301. Springer- Verlag, Berlin, 1998. 

M. Macho Stadler. La conjecture de Baum-Connes pour un feuilletage sans 
holonomie de codimension un sur une variete fermee. Publ. Mat. 33 (1989), 445-457. 
M. Macho-Stadler. Foliations, groupoids and Baum-Connes conjecture. J. Math. Sci. 
(N.Y.) 113 (2003), 637-646. 

K. Mackenzie. Lie groupoids and Lie algebroids in differential geometry, London 
Mathematical Society Lecture Note Series. Vol. 124. Cambridge University Press, 
Cambridge, 1987. 

V. M. Manuilov and E. V. Troitsky. C* -Hilbert modules (Russian). Factorial, 
Moscow, 2001. 

J. E. Mardsen and A. Weinstein. Reduction os symplectic manifolds with symmetry. 
Rep. Math. Phys. 5 (1974), 121-130. 

J. Milnor. Construction of universal bundles I. Ann. of Math. 63 (1956), 272-284. 
J. Milnor. Introduction to algebraic K-theory. Princeton University Press, Princeton, 
N.J., 1971. 

J. W. Milnor and J. D. Stasheff. Characteristic classes. Princeton University Press, 
Princeton, N. J., 1974. 

A. S. Mishchenko. Vector bundles and their applications (Russian). Nauka, Moscow, 
1984. 

I. Moerdijk and J. Mrcun. Introduction to foliations and Lie groupoids, Cambridge 
Studies in Advanced Mathematics. Vol. 91. Cambridge University Press, Cambridge, 
2003. 

P. Molino. Classe d'Atiyah d'un feuilletage et connexions transverses projetables. C. 
R. Acad. Set. Pans 272 (1971), 779-781. 

P. Molino. Geometrie globale des feuilletages riemanniens. Nederl. Akad. Wetensch. 
Indag. Math. 44 (1982), 45-76. 

P. Molino. Riemannian foliations, Progress in Mathematics. Vol. 73. Birkhauser 
Boston Inc., Boston, MA, 1988. 

C. C. Moore and C. Schochet. Global analysts on foliated spaces, Mathematical 
Sciences Research Institute Publications. Vol. 9. Springer- Verlag, New York, 1988. 



94 YURI A. KORDYUKOV 

[138] H. Moriyoshi. On cyclic cocycles associated with the Godbillon-Vey classes. In Geo- 
metric study of foliations (Tokyo, 1993), p. 411-423. World Sci. Publishing, River 
Edge, NJ, 1994. 

[139] H. Moriyoshi and T. Natsume. The Godbillon-Vey cyclic cocycle and longitudinal 

Dirac operators. Pacific J. Math. 172 (1996), 483-539. 
[140] P. S. Muhly, J. N. Renault, and D. P. Williams. Equivalence and isomorphism for 

groupoid C*-algebras. J. Operator Theory 17 (1987), 3-22. 
[141] G. J. Murphy. C* -algebras and operator theory. Academic Press Inc., Boston, MA, 

1990. 

[142] T. Natsume. The C*-algebras of codimcnsion one foliations without holonomy. Math. 

Scand. 56 (1985), 96-104. 
[143] T. Natsume. Topological iVtheory for codimension one foliations without holonomy. 

In Foliations (Tokyo, 1983), Adv. Stud. Pure Math. Vol. 5, p. 15-27. North Holland, 

Amsterdam, 1985. 

[144] O'Neill. The fundamental equations of a submersion. Mich. Math. J. 13 (1966), 
459-469. 

[145] W. Paschke. Inner product modules over B*-algebras. Trans. Amer. Math. Soc. 182 
(1973), 443-468. 

[146] A. L. T. Paterson. Groupoids, inverse semigroups and their operator algebras, 

Progress in Mathematics. Vol. 170. Birkhauser, Basel, 1999. 
[147] G. K. Pedersen. C* -algebras and their automorphism groups, London Mathemati- 
cal Society Monographs. Vol. 14 Academic Press Inc. [Harcourt Brace Jovanovich 

Publishers], London, 1979. 
[148] D. Perrot. A Riemann-Roch theorem for one-dimensional complex groupoids. Gom- 

mun. Math. Phys. 218 (2001), 373-391. 
[149] J. Phillips. The holonomic imperative and the homotopy groupoid of a foliated 

manifold. Rocky Mountain J. Math. 17 (1987), 151-165. 
[150] M. Pimsner and D. Voiculescu. Exact sequences for iVgroups and Ext-groups of 

certain cross-product C*-algebras. J. Operator Theory 4 (1980), 93-118. 
[151] R. Ponge. A new short proof of local index formula and some of its applications. 

Commun. Math. Phys. 241 (2003), 215-234. 
[152] G. Reeb. Sur certains proprietes topologiques des varietes feuilletees., Actualite Sci. 

Indust. Vol. 1183. Hermann, Paris, 1952. 
[153] B. L. Reinhart. Differential geometry of foliations, Ergebnisse der Mathematik und 

ihrer Grenzgebiete, Vol. 99. Springer- Verlag, Berlin, 1983. 
[154] B.L. Reinhart. Foliated manifolds with bundle-like metrics. Ann. of Math. (2) 69 

(1959), 119-132. 

[155] B.L. Reinhart. Harmonic integrals on foliated manifolds. Amer. J. Math. 81 (1959), 
529 - 536. 

[156] J. Renault. A groupoid approach to C* -algebras, Lecture Notes in Mathematics, Vol. 

793. Springer, Berlin, 1980. 
[157] M. A. Rieffel. Morita equivalence for C*-algebras and W*-algebras. J. Pure Appl. 

Algebra 5 (1974), 51-96. 
[158] M. A. Rieffel. C* -algebras associated with irrational rotations. Pac. J. Math. 93 

(1981), 415-429. 

[159] M. A. Rieffel. Morita equivalence for operator algebras. In Operator algebras and 

applications, Part I (Kingston, Ont., 1980), Proc. Sympos. Pure Math. Vol. 38, p. 

285-298. Amer. Math. Soc, Providence, R.L, 1982. 
[160] M. R0rdam, F. Larsen, and N. J. Laustsen. An Introduction to K-theory for C* - 

algebras. LMS Student Texts. Cambridge University Press, Cambridge, 2000. 
[161] D. Ruelle and D. Sullivan. Currents, flows and diffeomorphisms. Topology 14 (1975), 

319-327. 



NONCOMMUTATIVE GEOMETRY OF FOLIATIONS 



95 



[162] J.-L. Sauvageot. Tangent bimodule and locality for dissipative operators on C- 

algebras. In Quantum probability and applications. IV, Lecture Notes Math. Vol. 

1396, p. 322-338. Springer, Berlin Heidelberg New York, 1989. 
[163] J.-L. Sauvageot. Quantum Dirichlet forms, differential calculus and semigroups. In 

Quantum probability and applications. V, Lecture Notes Math. Vol 1442, p. 334-346. 

Springer, Berlin Heidelberg New York, 1990. 
[164] J.-L. Sauvageot. Semi-groupe de la chaleur transverse sur la C*-algebre d'un feuil- 

letage riemannien. C. R. Acad. Sci. Paris Ser. I Math. 310 (1990), 531-536. 
[165] J.-L. Sauvageot. Semi-groupe de la chaleur transverse sur la C*-algebre d'un feuil- 

letage riemannien. J. Fund. Anal. 142 (1996), 511-538. 
[166] L. Schweitzer. A short proof that M n (A) is local if A is local and Frechet. Internat. 

J. Math. 3 (1992), 581-589. 
[167] M. A. Shubin. Pseudodifferential operators and spectral theory. Springer- Verlag, 

Berlin, 2001. 

[168] G. Skandalis. Noncommutative geometry, the transverse signature operator, and 
Hopf algebras [after A. Connes and H. Moscovici]. In Cyclic homology in non- 
commutative geometry, Encyclopaedia Math. Sci. V. 121, p. 115-134. Springer, 
Berlin, 2004. Translated from Asterisque No. 282 (2002), Exp. No. 892, p. 345- 
364; by Raphael Ponge and Nick Wright. 

[169] E. H. Spanier. Algebraic topology. Springer- Verlag, New York, 1981. 

[170] H. Takai. Baum-Connes conjectures and their applications. In Dynamical systems 
and applications (Kyoto, 1987), World Sci. Adv. Ser. Dynam. Systems, Vol. 5, p. 
89-116. World Sci. Publishing, Singapore, 1987. 

[171] H. Takai. A counterexample of strong Baum-Connes conjectures for foliated mani- 
folds. In The study of dynamical systems (Kyoto, 1989), World Sci. Adv. Ser. Dynam. 
Systems, Vol. 7, p. 149-154. World Sci. Publishing, Teaneck, NJ, 1989. 

[172] H. Takai. On the Baum-Connes conjecture. In Mappings of operator algebras 
(Philadelphia, PA, 1988), Progr. Math. Vol. 84, p. 183-197. Birkhauser, Boston, 
1990. 

[173] M. Takesaki. Tomita's theory of modular Hilbert algebras and its applications, Lec- 
ture Notes in Math. Vol. 128. Springer, New York, 1970. 

[174] M. Takesaki. Theory of operator algebras. I. Springer- Verlag, New York, 1979. 

[175] M. Taylor. Pseudodifferential Operators. Princeton Univ. Press, Princeton, 1981. 

[176] R. Thorn. Generalisation de la theorie de Morse aux varietes feuilletees. Ann. Inst. 
Fourier 14 (1964), 173-189. 

[177] Ph. Tondeur. Geometry of foliations, Monographs in Mathematics. Vol. 90. Birkhau- 
ser Verlag, Basel, 1997. 

[178] A. M. Torpe. if-theory for the leaf space of foliations by Reeb components. J. Fund. 
Anal. 61 (1985), 15-71. 

[179] F. Treves. Introduction to pseudodifferential and Fourier integral operators. Vol. 1. 
Plenum Press, New York, 1980. 

[180] F. Treves. Introduction to pseudodifferential operators and Fourier integral operators. 
Vol. 2. Plenum Press, New York and London, 1980. 

[181] J.-L. Tu. La conjecture de Baum-Connes pour les feuilletages moyennables. K- 
Theory 17 (1999), 215-264. 

[182] J. L. Tu. La conjecture de Novikov pour les feuilletages hyperboliques. K-Theory 
16 (1999), 129-184. 

[183] N. E. Wegge-Olsen. K -theory and C* -algebras. A friendly approach. Oxford Science 
Publications. The Clarendon Press Oxford University Press, New York, 1993. 

[184] H. E. Winkelnkemper. The graph of a foliation. Ann. Glob. Anal. Geom. 1 (1983), 
53-75. 



96 



YURI A. KORDYUKOV 



[185] M. Wodzicki. Noncommutative residue. Part I. Fundamentals. In K-theory, arith- 
metic and geometry (Moscow, 1984-86), Lecture Notes in Math. Vol. 1289, p. 320- 
399. Springer, Berlin Heidelberg New York, 1987. 

[186] Ping Xu. Noncommutative Poisson algebras. Amer. J. Math. 116 (1994), 101-125. 

Institute of Mathematics, Russian Academy of Sciences, Ufa 
E-mail address: yuri@imat.rb.ru 



